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A SEPARABLE BROWN-DOUGLAS-FILLMORE THEOREM
AND WEAK STABILITY

HUAXIN LIN

ABSTRACT. We give a separable Brown-Douglas-Fillmore theorem. Let A be
a separable amenable C*-algebra which satisfies the approximate UCT, B be
a unital separable amenable purely infinite simple C*-algebra and hi, ho :
A — B be two monomorphisms. We show that h; and ha are approximately
unitarily equivalent if and only if [h1] = [h2] in KL(A, B). We prove that,
for any € > 0 and any finite subset F C A, there exist § > 0 and a finite
subset G C A satisfying the following: for any amenable purely infinite simple
C*-algebra B and for any contractive positive linear map L : A — B such that

IL(ab) — L(a)L(b)|| <6 and || L(a)]l > (1/2)]lall
for all a € G, there exists a homomorphism h : A — B such that
|h(a) — L(a)|| <& for all a € F

provided, in addition, that K;(A) are finitely generated. We also show that ev-
ery separable amenable simple C*-algebra A with finitely generated K-theory
which is in the so-called bootstrap class is weakly stable with respect to the
class of amenable purely infinite simple C*-algebras. As an application, re-
lated to perturbations in the rotation C*-algebras studied by U. Haagerup and
M. Rgrdam, we show that for any irrational number 6 and any £ > 0 there is
6 > 0 such that in any unital amenable purely infinite simple C*-algebra B if
luv — ¥ vul| < &

for a pair of unitaries, then there exists a pair of unitaries u1 and v in B such

that

6

uivr = 9" viuy, Jlur —ul| <e and [lvr — o] <e.

1. INTRODUCTION

The Brown-Douglas-Fillmore theorem of classification of essentially normal op-
erators (|BDF]) is a milestone in both operator theory and operator algebras. One
may regard the BDF-theory as a classification of homomorphisms from C(X) into
the Calkin algebra. As in topology, where the study of continuous maps from one
space to another is fundamentally important, the study of homomorphisms from
one C*-algebra to another is also very important. The Calkin algebra is a special
non-separable purely infinite simple C*-algebra. It turns out that it is both inter-
esting and important to study homomorphisms (monomorphisms) from a separable
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C*-algebra to a (separable ) purely infinite simple C*-algebra. In fact, the clas-
sification theorem of Kirchberg and Phillips for separable amenable purely infinite
simple C*-algebras can be regarded as a result of classification of homomorphisms
from one separable amenable purely infinite simple C*-algebra to another.

In this paper, we will study maps from separable amenable C*-algebras to
amenable purely infinite simple C*-algebras. Combining a uniqueness theorem
of the author with the methods of N. C. Phillips in [P3] and results in [KP], we
prove the following classification of injective homomorphisms: Let A be a unital
separable amenable C*-algebra which satisfies the approximate UCT (something
weaker than UCT) and let B be a unital separable amenable purely infinite simple
C*-algebra. Suppose that hy, hy : A — B are two unital monomorphisms. Then
there exists a sequence of unitaries u,, € B such that

lim [|adu, o hi(a) — ha(a)|| =0

for all @ € A if and only if [hy1] = [he] in KL(A, B). Moreover, we also show that
every element in K L(A, B) can be represented by a homomorphism. When both
Ko(A) and K7(A) are torsion free, the above says that two monomorphisms are
approximately unitarily equivalent if they induce the same map on Ky(A) and
K1(A). This may be viewed as a separable and non-commutative version of the
classical BDF-theorem.

It was shown in [Lnl|] that for any € > 0 there exists 6 > 0 such that for any
pair of unitaries v and v in a purely infinite simple C*-algebra B satisfying

[luv —vul|| <6
there exists a commuting pair of unitaries w and z in B such that
lu —w|| <e and |v—z| <e.

Related problems in perturbation of rotation C*-algebras and the Heisenberg com-
mutation relation were also studied in [HR] by U. Haagerup and M. Rgrdam. A
closely-related question was raised. Let 6 be an irrational number. Suppose that
there is a pair of unitaries v and v in B such that uv # e®"vu but ||uv — e vul|
is small. Does there exist a pair of unitaries w and z in B which has the rotation
property that wz = €7 zw and ||[w — u|| and ||z — v| are small? We will answer
this question affirmatively.

We study a much more general problem. Let B be the class of amenable purely
infinite simple C*-algebras and let A be a unital separable amenable C*-algebra.
We study the following problem: Which separable amenable C*-algebras are weakly
stable (see[22)) with respect to B? In other words, we want to know when A satisfies
the following: For any & > 0 and any finite subset F C A, is there 6 > 0 and a
finite subset G C A such that for any contractive positive linear map L : A — B
for any B € B which satisfies

|L(ab) — L(a)L(b)|| < ¢ for all a € G
there exists a homomorphism h : A — B such that
|h(a) — L(a)|]| < e for all a € F?

We find that the last question is closely related to the classification of homo-
morphisms from A to B. To avoid complication caused by quotients of A and to
simplify the terminology, one may assume L to be “approximately injective”. For
example, we may further assume that ||L(a)| > (1/2)]|a| for all @ € G. With this
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additional restriction, we prove that any unital separable amenable C*-algebra A
which satisfy the approximate UCT and have finitely generated K;(A) (i = 0,1) are
(approximately injective) weakly stable with respect to the class B. To remove this
additional “approximately injective” condition, we show that any unital separable
amenable simple C*-algebras which satisfy the AUCT and have finitely generated
K;(A) (i =0,1) are in fact weakly stable with respect to B. Since irrational rota-
tion C*-algebras are simple, this result gives an affirmative answer to the question
about perturbation of rotation C*-algebras mentioned above.

(Relative) weakly stable C*-algebras and (relative) weakly semiprojective C*-
algebras have been studied before. A nice treatment can be found in T. Loring’s
book [Lo3]. However, very few finite separable amenable C*-algebras are known
to be (relative) weakly stable or weakly semiprojective. In this sense, the results
obtained in this paper (-5, [7.0] [7.7] and [.§)) are somewhat unexpected.

The condition that K;(A) are finitely generated is not necessary regarding the
problem about relative weakly stability of the unital separable amenable C*-alge-
bras. For example, for most cases, the results about weakly stability hold when
K;(A) are direct sums of finitely generated abelian groups. However, it is not
possible to proceed further from here. To be any form of weakly stable (or weakly
semiprojective), K;(A) has to be a direct sum of finitely generated abelian groups.
In particular, we show that no UHF-algebras are weakly stable with respect to B.

The paper is organized as follows. Section 2 lists some of the notation and con-
ventions that are used in the paper. Section 3 is devoted to the study of maps to Os.
It is shown that all separable amenable C*-algebras are “approximately injective”
weakly stable with respect to Oz and all separable amenable simple C*-algebras are
weakly semiprojective with respect to Os. We give some preliminary results about
approximately multiplicative sequences of contractive completely positive linear
maps in section 4. In section 5 we give a sequential version of Phillips’s results on
asymptotic morphisms. In section 6, we give the classification of monomorphisms
from a separable amenable C*-algebras to separable amenable purely infinite sim-
ple C*-algebras. We study the weak stability of separable amenable C*-algebras
in section 7. We also present one of the main theorems on weak stability there. In
the last section, we show that for every (pf) weakly stable C*-algebra A, K,(A)
must be a countable direct sum of finitely generated abelian groups.

2. PRELIMINARIES

We will use the following conventions:

Let A and B be C*-algebras and ¢,v : A — B be two maps. Let ¢ > 0 and
F C A

(1) We write

o~y on F
if
lp(a) — P(a)|| < e for all a € F.
(2) We write
¢~ on F
if there is a unitary U in B (or in B if B is not unital) such that

ladU o ¢(a) — (a)|| < e for all a € F.
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(3) We write
¢~
if there exists a sequence of unitaries {u,} in B (or in B if B is not unital) such
that
Tim_fladu, 0 ¢(a) — (@) = 0
for all a € A.

(4) Let {B,,} be a sequence of C*-algebras. We will use the following notation:
W({Bu) = By, By 1=({B,}) = [0, Ba and g ({Bo 1) =1>({B.})/co({ B}
For the case in which B,, = B for all n, we will use ¢o(B) for ¢o({B,}), {*°(B) for
[°°({Bn}) and goo(B) for qoo({Bn}), respectively.

(5) A linear map L : A — B is said to be full if the ideal generated by L(a) is B
for any non-zero a € A.

(6) Let A be a C*-algebra. We denote by d,, : A — M, (A) the map defined by
dn(a) = diag(a,a, ...,a), where a € A is repeated n times on the diagonal.

(7) Let L : A — B be a linear map, let G be a subset of A and let € > 0. We say
L is G-e-multiplicative if

|[L(ab) — L(a)L(b)|| < e for all @ and beg.

Definition 2.1. Let A and B be two C*-algebras. Recall that a contractive com-
pletely positive linear map ¢ : A — B is amenable if for any € > 0 and any
finite subset F C A, there exist two contractive completely positive linear maps
Ly : A — M (for some integer k > 0) and Lo : M} — B such that

(ﬁ%ELQOLl on F.
Recall that a C*-algebra is said to be amenable if id 4 is amenable.

Definition 2.2. Fix a class of C*-algebras D. Let A be a separable amenable C*-
algebra. We say A is weakly stable with respect to D if, for any ¢ > 0 and any finite
subset F C A, there exists § > 0 and a finite subset G C A satisfying the following:
for any B € D and any positive linear contraction L : A — B which is G-6-
multiplicative, there exists a homomorphism h : A — B such that

h=.L on F.

It should be noted that here § and G depend only on ¢ and F. They do not
depend on B.

Definition 2.3. Fix a class of C*-algebras D. Let A be a separable amenable
C*-algebra. We say that A is weakly semiprojective with respect to D, if for
any sequence B,, € D and a homomorphism ¢ : A — ¢oo({Bn}), there exists a
homomorphism h : A — [*°({B,}) such that w o h = ¢, where 7 : [*({B,}) —
Joo({Bn}) is the quotient map.

This definition can be found in T. Loring’s book [Lo3| with a slight modification.

Theorem 2.4 (cf. 19.1.3 in [Lo3]). Let D be a class of C*-algebras and let A be
a separable amenable C*-algebra. Then A is weakly stable with respect to D if and
only if it is weakly semiprojective with respect to D.

Proof. Suppose that A is weakly stable with respect to D. Let {B,,} be a sequence
of C*-algebras in D and let ¢ : A — goo({By}) be a homomorphism. Suppose that
{F.} is an increasing sequence of finite subsets of A such that | J,, 7, is dense in
A. Let {G,} be finite subsets of A and §,, > 0 satisfying the following: for any
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Gn-0p-multiplicative contractive completely positive linear map L : A — B (for
any B € D) there exists a homomorphism ¢ : A — B such that ¢ ~,,,, L on 7.
Since A is amenable, by [CE], there exists a contractive completely positive linear
map ¢ : A — [*°({B,}) such that 7 0o & = ¢, where 7 : [*°({B,}) — ¢oc({Bn}) is
the quotient map. Write ® = {L,,}, where L,, : A — B,, is a contractive completely
positive linear map. Then

lim ||Ln(ab) — Ly(a)L,(b)|| =0 for all a,b e A.

There is, for each k, an integer n(k) such that n(k + 1) > n(k) and
|Ln(ab) — Ly (a)Ly(b)|| < 6 for all a,b € G, and n(k) <n.
By the choice of G,, and §,,, we obtain homomorphisms h,, : A — B,, such that
|Ln(a) — hn(a)|| < 1/k for k(n) <n <n(k+1).

Define h = {h,,}. Then mo h = ¢. Thus A is weakly semiprojective with respect to
D.

Now we assume that A is weakly semiprojective with respect to D and is not
weakly stable. Thus, for some ¢y > 0 and some finite subset Fy C A, there
exists a sequence of B,, € D and a sequence of F,,-1/2™-multiplicative contractive
completely positive linear maps L, : A — B,, such that

lim ||Ln(ab) — L,(a)L,(b)|| =0 for all a,be A

and
inf{sup{||Ln(a) — h(a)| : a € Fo}} > €0/2,
where the infimum is taken among all homomorphisms A from A into B,. Let
L: A — [*®({B,}) be defined by L = {L,,} and 7 : [*°({B,}) — ¢oo({Bn}) be
the quotient map. Note that ¢ = 7oL : A — ¢oo({Bn}) is a homomorphism.
Since A is weakly semiprojective with respect to D, there is a homomorphism
h:A—1°({B,}) such that w o h = ¢. Write h = {hy,,}, where h,, : A — B,, is a
homomorphism. Then
im || Lo (@) ~ hu(a)]| =0

for all @ € A. This contradicts the assumption that
inf{sup{||Ln(a) — h(a)|| : a € Fo}} > €0/2.
Therefore A is weakly stable with respect to D. O

In what follows, we will not distinguish weakly stable from weakly semiprojective
(with respect to D).

Definition 2.5. Fix a class of C*-algebras D. Let A be a separable amenable C*-
algebra. A is said to be api-weakly stable with respect to D, if for any € > 0 and
any finite subset F C A, there exists 0 > 0 and a finite subset G C A satisfying the
following;:

For any B € D and any positive linear contraction L : A — B which is G-6-
multiplicative such that ||L(a)|| > (1/2)|la|| for all a € G, there exists a homomor-
phism h: A — B such that

h=.L on F.

(Here “api” stands for approximately injective.)
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Definition 2.6. Let A be a separable amenable C*-algebra. A is said to be apf-
weakly semiprojective with respect to D, if for any sequence {B,} in D and any
full homomorphism h : A — ¢ ({Bn}), there exists a homomorphism ¢ : A —
[>°({By}) such that w o) = h.

Here “apf” stands for approximately full. One may state this in the form of
“apf-weakly stable” (see 5.8 and 5.9 in [Lnl0]).

We conclude this section with the following theorem.

Theorem 2.7. Let A be a separable unital amenable C*-algebra and let D be a
class of purely infinite simple C*-algebras. Then A is api-weakly stable with respect
to D if A is apf-weakly semiprojective with respect to D.

Proof. Let {F,} be an increasing sequence of finite subsets of the unit ball of A
such that (J;2 ; F, is dense in the unit ball of A. We may further assume that
Us— (A4 N Fy) is also dense in the set of positive element in the unit ball of A.

Suppose the theorem is false. This means that for some ¢ > 0 and some finite
subset Fy C A in the unit ball, there exists a sequence of C*-algebras B,, in D and
a sequence {¢y, } of F,-1/n-multiplicative positive linear contractions from A to B,
with ||¢n(a)|| > 1/2|a| for all a € F,, such that

sup{max{[|¢n(a) — hn(a)] : a € Fo} > &

for any sequence of homomorphisms h,, : A — B,,. Define ® : A — [*°({B,}) by
®(a) = {¢n(a)} and define ¢ : A — ¢oo({Bn}) by ¢(a) = w0 ®(a) for a € A. Then
¢ is a homomorphism. We claim that ¢ is full. In fact, for any a € A, \ {0} with
la]] = 1, there is b € F,,, N A4 for some m such that

16— all < (1/8)[lall = 1/8.

Let b, = ¢n(b). Then ||by] > (1/2)||b]| > 3/8. Since B,, has real rank zero (see
[Zh3]), it follows from Lemma 6.4 in [LnT0)] that there exists a non-zero projection
en € B, such that b, > (3/8)e,. In B,, there exists a partial isometry v, € B,
such that

vrenty = 1.
Thus we obtain an element z, € B, such that ||z,|| < 16/3 and
Zipn(a)zn =1 n=12,..
Set Z = {z,} and z = 7(Z). Then we have
Z'p(a)z =1

in goo ({ Bn}). By the assumption, there exists a homomorphism h:A—I1%°({B,})
such that m o h = ¢. Write h = {h,,}. Then we have

lon(a) — hp(a)|]l = 0 as n— oo

for all a € A. This gives a contradiction. O
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3. MaPs TO Oy

Lemma 3.1. Let A be a separable unital C*-algebra, let B be a purely infinite
simple C*-algebra and let h : A — B be a unital monomorphism. Suppose that
¢ : A — B is an amenable completely positive linear map. Then, for any finite
subset F C A and € > 0, there is an isometry s € B such that

[s*h(a)s — ¢(a)]| < e for all a € F.
Proof. Set Ay = h(A). Let ¢ = ¢oh™1 : Ay — B. Since ¢ is amenable, so is .

Fix 7 and £ > 0, it is well known that there is completely positive linear map
¥ : B — B such that ||¢|| = ||¢|| and

lv(b) — ¥ (b)|| < &/2 for all a € Fi,

where F1 = {h(a) : a € F} (see for example 2.3.13 in [Ln7]). It follows from
Proposition 1.7 in [KP] that there is an isometry s € B such that

l|s*bs — (b)|| < /2 for b e Fy.
Therefore
Is*h(a)s — ¢(a)ll < [|Is*h(a)s — ¥ (h(a))|l + [[(h(a)) — d(a)|| <e/2+c/2=¢
for all a € F. O
Lemma 3.2. Let n > 0 be an integer. Then there is an isometry S € My, (¢oo(O2))

with S*S = 1,, and SS* = 1 satisfying the following: For any separable subspace
E C qoo(02), there are unitaries uy, € Goo(O2) such that

Sdy(a)S* = klim UR AU
foralla € E.
Proof. There is an isometry s € M, (Oz) such that

s*s=1, and ss*=1.

Define d},(a) = diag(a, ...,a) for a € Oy which maps Oz to M, (O2). Then sd,,(a)s*
(for a € O3) is a homomorphism. It follows [Rol] that there are unitaries vy, € Oq
such that
sd,(a)s* = lim vjavy
k—o0

for all a € Oy. Define S’ = (s,s, ..., 8,...). S0 8" € M, (I°°(O3)) is an isometry. Let
F =77 Y(E), where 7 : [*°(03) — ¢oo(O2) is the quotient map. Since both E and
.7, O, are separable, F is separable. Let {f} be a dense sequence of F. For
each k, write fr = (f&,1, fr.2: - fom, --.), where fim € O2, m,k = 1,2, .... For each
k and m there exists vy, such that

||5dn(fi,m)5* - Uz,mfi,mvk,mn < 1/2k

fori=1,2,...,k and m = 1,2,.... Put Uy = (vg,1,0k,2,---Vk,m,-..) € [7(O2). Note
that Uy is a unitary. Then we have

S'd! (a)(S)" = klim U aUy,
for all a € F, where d!! : 1°°(O3) — M,,(1°°(O3) is defined by d!!(a) = diag(a, ..., a).
Now set S = w(S") and uy, = 7(Ug), k = 1,2, .... We conclude that
Sdy(a)S* = klim upauy foralla € E. O
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Lemma 3.3. Let A be a unital separable C*-algebra and h : A — qo(O2) be a
unital full monomorphism. Suppose that ¥ : A — ¢oo(O2) is a unital amenable
completely positive linear map. Then there exists a sequence of isometries s, €
0oo(O2) such that

Is5h(@)sn — v(@)l| = 0 as 0 — oo
for all a € A.

Proof. Let F be a finite subset of A which contains the identity of A. It suffices to
show that, for any 1/2 > € > 0, there exists an isometry T € ¢oo(O2) such that

T*hT ~. 1 on F.

Let £/4 > ¢ > 0. Since h is full, by 5.4.1 in [Ln7], there is an integer n > 0 and
contraction S € M, (goo(O2)) such that

ad S} od,oh =51 on F.
Since 14 € F and v is unital, we have
15151 — 1o (oa)ll <6
Let S = (5151")’1/25’1. Then SS* = 1. With a sufficiently small §, we have
adS*od,oh =,/ on F.

It follows from that there exists an isometry V € goo(O2) with V*V = 1,, and
VV* =1 such that

adV*od,oh=.5h on F.
Then

dnoh=.padVoh on F.
Hence

ad (SV*)*h =, adS* od,oh ~./5 1) on F.

Put T = VS*. Then T*T = (VS*)*(VS*) = S(V*V)S* = §5* = 1. So T is an
isometry in goo(O2). O

One should compare the following with Lemma 2.2 in [KP]. The point of the
following lemma is that the lifting map can be chosen as a monomorphism.

Theorem 3.4. Let A be a separable unital exact C*-algebra and suppose that there
is a unital full monomorphism h : A — qoo(O2) with a unital, completely positive
lift: A —1°°(0y), i.e., the diagram
1°°(02)
R
A 5 ge(02)
commutes. Then there is a unital monomorphism h: A — 1°°(0y) such that
moh =h, i.e., the diagram
) 1°°(02)
h 7

A L g (0y)

commutes.
Moreover, if, in addition, A is assumed to be simple, the above also holds without
assuming h is full.
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Proof. We first prove the case in which h is full.

Write ¥(a) = (¥1(a),v2(a),...), where ¢, : A — O are unital completely
positive linear maps. It follows from 2.8 in [KP] that there is unital embedding
jo : A — Oz Let Jo(a) = (jo(a),jo(a),...) for a € A. Let J = m o Jy, where
T 1%°(02) — ¢oo(O2) is the quotient map. It is easy to check that J is full. It
follows from [B:2] that there is a sequence of isometries s, t, € goo(O2) such that

[sph(a)sn = J(a)l| — 0 and |t J(a)t, — h(a)l| — 0

as n — oo for all a € A.

Let 2 : Oy — O3 ® Oz be given by o(z) = 2 ® 1 and let A : O ® Oy —
O3 be an isomorphism. The existence of such A is given by [Ro3]. Define 7 :
[°(02) — 1°(02 ® O2) by i((a1,az,...)) = (¢(a1),2(az),...) for a € Oy and define
A 1%(0y @ Oy) — 1°(O3) by A(a1,az,...)) = (Ma1), Mag),...) for a € A. Tt
follows from [Roll] that

Ao ~idg,.
Since A is separable, so are 9)(A) and Jy(A). Thus we have

S\Oiowgw and AoioJy ~ Jp.
Since 7 maps ¢ (Oz) into co(O2@0O3) and A maps co((?g ®032) onto ¢o(O2), we obtain
two induced maps 7 : ¢oo (O2) — ¢oc (02 ® O2) and A : 4o (O2 ® O2) — goo(O2). It
is easy to check that both maps are injective. Since A is surjective, so is A, whence
A is an isomorphism. With the notation above, from above, we have
Mozoh~h and AozoJ ~J.
Let C' = {{1®an} : {an} € 1°°(O2)}. Then every element in A(C) commutes with
A0%(¢oo(O2)). Define j : Oy — C by j(a) = (1®a,1®a,...). Then moj : O — A(C)
is a unital embedding. It follows from Lemma 6.3.7 in [Rod] that
Xoioh & XoioJd & .
Hence
h~ J.
Let {ar} be a dense sequence of A. We obtain a sequence of unitaries {Uy} in
Jo0(O2) such that
Ih(as) — UpJ(@)Usll < 1/2%, i =1,2,...k.

There is, for each k, a sequence of unitaries u(n, k) € Og such that {u(n, k)} = U.
For each k, from the above inequality, we obtain m(k) such that

() — (s K)o a)uln, )| < 1/2%, i =1,2,...,
for all n > m(k). Then, for any ¢,

lm |[¢n(a;) — u(m(n),n)*jo(a;)u(m(n),n)| = 0.

n—00

Since {ax} is dense in A, we have
Jim_[[¢n(a) = u(m(n),n)"jo(a)u(m(n),n)|| = 0

for all a € A. Define h(a) = {adu(m(n),n)ojo(a)} for a € A. Then h : A — 1°°(Oy)
is an injective homomorphism and 7 o h=h.

Now we consider the case in which A is a separable unital simple exact C*-algebra
and h is not assumed to be full. Let p € goo(O2) such that ~A(14) = p. There is a
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projection P = {p,} € [°°(O3) such that w(P) = p. Let {ny} be the subsequence
of N such that p,, # 0 and p,, = 0 if m # ny, for any k. Let Q = {gn} € [°°(O2)
be a projection such that ¢,, = 1 if m = ny for some k otherwise ¢,, = 0. Put
1503 (02) = QI(02)Q and 7(QI*(02)Q) = qégn’“})((’)g). We may view h as a

homomorphism from A to qc(x{)"’“})(Og). We now claim that A is full in qc(,g"’“})((’)g).
For any a € Ay \ {0}, there are x1, ..., xx in A such that

k
E xiax; = 14.
i=1

Thus .
> h(wi)*h(a)h(x:) = p.
i=1

In O, there are partial isometries vy, such that vip,, v = 1. Set V = {v,, } and
w = 7(V). Then we have

k
Z w*h(z;)h(a)h(z)w =1

in qéin’“})(Og). This proves that & is full in g8} (O2). It now follows from what
we have proved that there is a homomorphism A’ : A — lfflk}((’)g) such that

Toh' = h. Write B = {hn,}, where each hyp, is a homomorphism from A to Os.
We now define h : A — [°(O03) by h = {hn}, where h,, = hy, if m = nj and
h.,, = 0 otherwise. O

Corollary 3.5. Let A be a unital separable simple amenable C*-algebra. Then A
is weakly semiprojective with respect to Os.

Corollary 3.6. Let A be a unital separable amenable C*-algebra. Then A is api-
weakly stable with respect to Os.

Proof. This follows from Theorem 2.7 and Theorem B.4l O

4. APPROXIMATELY MULTIPLICATIVE MAPS

Definition 4.1. Let A and B be two C*-algebras and let ¢, : A — B be a sequence
of maps from A to B. We say that {¢,,} is approzimately linear if

nlirlgo [leetn, (a) + Bn (b)) — Yn(aa + Bb)|| =0 for all a,b e A and «o,f8 € C,
is approximately selfadjoint if
nh_{{.lo [n(a®) — Y (a)*|| =0 for all a,be A
and is approximately multiplicative if
nlirrgo [ltn (a)thn, (b) — ¢ (ab)|| =0 for all a,b € A,
respectively.

Definition 4.2. Let ¢, %, : A — B be two sequences of maps. We say that {¢, }
and {¢,} are approzimately equal if

lim ||¢pn(a) — ¥n(a)|| =0 for all a € A.
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We say {¢n} and {¢,} are approzimately unitarily equivalent if there exists a se-
quence of unitaries {u,} in B such that

Jim_Jladup 0 ¢n(a) —¢n(a)l| =0

for all a € A.

We say two sequences {¢,, } and {¢,,} (of approximately multiplicative (amenable)
contractive completely positive linear maps) are homotopic if there is a sequence
F,: A — C([0,1], B) (of approximately multiplicative (amenable) contractive com-
pletely positive linear maps) such that {dgo F,,} and {¢,} are approximately equal
and {1 o F,,} and {¢,} are approximately equal, where do,0; : C([0,1],B) — B
are the point-evaluation at 0 and 1, respectively.

Definition 4.3. Let D be a o-unital C*-algebra. We say D satisfies condition (P)
if there is a full embedding from Os to D ® K.

The following lemma follows from 1.13 in [KP].

Lemma 4.4. Let A be a separable unital exact C*-algebra and let D be a C*-
algebra satisfying property (P). Let j : O2 — D ® K be the full embedding and let
hi,he : A — DRK be two injective homomorphisms such that there are ¢; : A — Oq
with h; = jo;, it =1,2. Then hy and ho are approzimately unitarily equivalent.

Proof. Since j : O — D®K is a full embedding, e = j(1p,) is a full projection. It
follows from [Brl] that eDe ® K = D ® K. Therefore there is full embedding from
O ® K into D ® K. We may view both v; and 93 maps A into Q. Thus there is

a unitary v € O3 ® K C D ® K such that

U*(bl (102)’(1, = ¢2(102)'

Thus we may assume that both ¢; and ¢2 are unital. We can then apply 1.13 in
IKPJ. O

Theorem 4.5. Let A be a separable unital exact C*-algebra and {¢,} be a sequence
of approzimately multiplicative amenable contractive completely positive linear maps
from A to D ® K, where D satisfies property (P). Let j: A — O C D ® K be the
embedding given by 2.8 in [KP] and given by property (P). Then there is a sequence
of approximately multiplicative amenable contractive completely positive linear maps

{¢n} from A to D ® K such that there is a sequence of unitaries u, € D ® K
satisfying

(¢ @ Q_Sn)(a) —upj(a)upl| =0 as n — oo
for all a € A.

Proof. To simplify notation, without loss of generality, we may assume that ¢,,(14)
= e, are projections in D ® K. We identify Oy with its image given by property
(P). It follows from [KP] that there is an embedding j : A — Os. By replacing
{édn} by {¢n @ j}, we may assume that {¢,} are full. Let F; C Fa,... be an
increasing sequence of finite subsets of A such that its union is dense in A. We may
assume that 14 € Fj. Let ¢, be a decreasing sequence of positive numbers such
that lim,, o €, = 0. It follows from 5.4.2 in [Ln7] that there is an integer k(n) > 0
and a contraction V,, € D ® K such that

|6n(a) = Vidim) 0 j(a)Val| < en/2 for all a € F,.
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In Mj,,)(O2) there is an isometry v, such that v,v); = 1o, and (by [Roll)

”dk(n) o ](a) - UnJ(G)UZH < 5n/2-
Put S,, = v} V,,. Then
||¢n(a) - S;j(a)sn” < én

for all a € F,. Since 14 € Fi, without loss of generality, we may assume that
S%S, =en and S, Sk < E = j(14). Let g, = S,S%. Then g, is a projection. Put
pn = E — ¢y There is a partial isometry Z,, € D ® K such that Z,,Z} = p, and
Z*Zy is orthogonal to e,. Define W,, = S,E—i— Zp. Then WW,, = e, + Z,Z;; and
WoW} = E. Let ¢ (a) = W} j(a)W, and ¢y (a) = Z}j(a)Z, for a € A. Denote by

—~—

1 the identity of D ® K. Since E and W;W,, are equivalent in D ® I, it is known

—~—

that 1 — F is equivalent to 1 — W)W, in D ® K. So we obtain a unitary u, € D @ K
such that u* Fu, = W} W, and Fu, = W,,. Therefore ¢, (a) = uXj(a)u, for all
a € A. To show that

[¢n(a) ® ¢n(a) — upj(a)un] — 0
as n — oo for all a € A, it suffices to show that

lgni(a) = j(a)gn| — 0 as n — oo
for all @ € A. Since

1157 (a)Sn S5 (b)Sn — Syj(ab) S| — 0 as n — oo

for all a,b € A, we have

lgni(a*)gnj(a)gn — qnj(a™)j(a)gnl — 0 as n — oo
for all a € A. Equivalently,

lgni(a™)j(a)pn]] — 0 as n — oo
for all a € A. Hence
lgni(D)pn|| — 0 as n — oo
for all b€ A, . Since E = j(14), this implies that

lgni(®)(1 —qn)|] — 0 as n — oo
for all b € A. This implies that

lgnj(b) — §(b)gn|| — 0 as n — oo
for all b € A . Therefore

lpnj(b) — j(b)pnl] — 0 as n — oo

for all b € A;. So it holds for all b € A. B
Finally, since j is a homomorphism, we conclude that {¢,(a)} = {Z}j(a)Z,} is
approximately multiplicative. (I

Theorem 4.6 (cf. 2.3.7 in [P3]). Let A be a unital separable exact C*-algebra and
let {¢n} and {¢,} be sequences of approzimately multiplicative amenable contractive
completely positive linear maps from A to DQK which satisfy property (P). Suppose
that {¢n} and {¢n} are homotopic. Then {¢, ®j} and {¢n, @ j} are approzimately
unitarily equivalent, where j : A — Oy — D ® K is as in[{.9]
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Proof. We may assume that there is a sequence {F,,} of approximately multiplica-
tive amenable contractive completely positive linear maps from A to C([0, 1], D®K)
such that §p o F,, = ¢, and 61 o F,, = ), where §; : C([0,1],D ® K) - D® K is
the point evaluation at ¢ (¢ € [0, 1]). Fix € > 0 and a finite subset F C A. For any
sufficiently large n, let 0 =ty < t1 < t3 < --- < tx41 = 1 such that

||5ti+1 0 Fn(a’) - 6ti o Fn(a‘)” < 6/5
foralla € F, i =1,...k. Put l,; = 0, 0 F, i = 0,1,...,k + 1. Note l,, 0 = ¢y,
and Uy, k41 = ¥n. By applying .5, we obtain [,, ; : A — D ® K such that there are
unitaries u,,; € D ® K such that

ln: @ Zn,i Re/s5 adup;0j on F.
Let - - -

L, = ln,l ® ln,l @ ln,Q ® ln,Q D---D ln,k+1 D ln,k+1 and
L=l ®lyi ®la2 @2 @ @ lngir © ot

Then,

ln,O @ Ly Re/5 L/n D ln,k+1 on F.

There is a unitary V,, € m such that ad V,, o (I, k+1 ® L})) = L], ® Iy, x+1. On
the other hand,

Lp ~essdisroj and Ly~ dpyroj on F.
We also have, by 1.13 in [KP],
i1 0 ~ep5 j on F.
Combining these we have
lno®j }55/5 lpno®dpt107 g€/5 lno® Ly, %5/5 lngt1 DL,

Ness ki1 @ dis1 07 ~eps bngi1 @ j on F.

In other words,
Gn @ j ~e b @ j on F.
O

Lemma 4.7 (cf. 1.3.7 in [P3]). Let A be a separable C*-algebra and {¢n}: A — D
be a sequence of approximately multiplicative contractive completely positive linear
maps, where D is a unital C*-algebra. Suppose that, for any finite subset set F C A
and any € > 0, there is an integer N such that, for all n > N, there are unitaries
Up; € D such that

un k@n(@)un ke — or(a)| <e for all a € F,

k=n+1n+2, ... Then there is a homomorphism h : A — D, a sequence of
unitaries v, € D and a subsequence {m(n)} such that lim, ... ad V() © P (ny(a) =
h(a) for all a € A.

Proof. Let F1,Fo,... be an increasing sequence of finite subsets of A such that its
union is dense in A. There is, for each j, an integer m(j) such that

adum(j),k O Om(j) N1/2i+1 Pm(j)+k on Fj, k=1,2,....
Set Wn = Um(n),m(n+1)—m(n)- Then

ad wy, © Ory(n) R1/270 Pm(nt1) o0 Fj
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for all 7 < n. Set
Up = WiW2 - Wy, n=1,2,....
Thus
Vg jUn = Wy 1 Wy oo W
We claim that h(a) = limy, co Vn@mn)v;(a) exists for all a € A. Tt suffices to
show that, for each a € F; (for all j), {vn@m(n)v,} is Cauchy. For n > j, we have

[vn@m(n) (@)vy, = VntkPm(nri) (@) Vntkll = V54 xVnPm(n) (A) V7 Utk — Pm(nriy (@)
W2 - 0O (@) W2t — Gt (@)]
k—1 k—1
<3 by (@O nsi — Sy (@] < S(1/2)7+ < 1727,
=0 1=0
This proves the claim. Since {¢,} is approximately multiplicative, we conclude
that h is a homomorphism. O

5. THE FUNCTOR FE4

In this section, we will study the functor E4 (defined in [5.7)). These results are
similar to the results in a paper of N. C. Phillips ([P3]). In [P3], the asymptotic
morphisms are from a separable amenable simple C*-algebra A to BT ® O, ® K.
We do not assume that A is simple. The equivalence for asymptotic morphisms
used in [P3] is the approximately unitary equivalence (or homotopy equivalence).
Here we use a much weaker stable equivalence. But the main difference is that we
consider a sequence of contractive completely positive linear maps, while in [P3] a
family ¢t — ¢; of maps was considered. However, all proofs here closely follow from
those in [P3]. The main purpose of this section is to prove Theorem EI8

Definition 5.1. Let C,, be a commutative C*-algebra with Ko(C),) = Z/nZ and
K1(C,) = 0. Suppose that A is a C*-algebra. Then K;(A4,Z/kZ) = K;(A ® C})
(see [S3]). One has the following six-term exact sequence ([S3]):
Ko(4) — Ko(A,Z/kZ) — Ki(A)
Tk L
Ko(4) « K1(AZ/kZ) — Ki(A).
As in [DL2], we use the notation
KA) = P KiAz/nZ).
i=0,1,n€Z4
There is a second six-term exact sequence (see [S3]):
Ko(A,Z/mkZ) — Ko(A,Z/kZ) — Ki(A,Z/mZ)
T 1
Ko(A,Z/mZ) — Ki(AZ/KL) «— Ki\(A Z/mkZ).

By Homa (K (A), K(B)) we mean all homomorphisms from K (A) to K(B) which
respects the direct sum decomposition and the above two six-term exact sequences
(see [DL2]). It follows from the definition in [DL2] that if z € KK (A, B), then the
Kasparov product (associated with z) gives a homomorphism

['(z) : Homa(K(A), K(D)) — Homx(K(B), K(D))

for any C*-algebra D. It is shown by Dadarlat and Loring ([DL2]) that if A is in AV,
then for any o-unital C*-algebra B, T is surjective and ker I'= Pext(K . (A4), K.(B)).
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Let 0 = I — B — C' — 0 be a short exact sequence of C*-algebras. From the
six term exact sequences

To, Lao
Ki(C) « Ki(B) <« Ki(I)

one easily obtains the following.

Proposition 5.2. Let A be a separable C*-algebra and let
0—-I—-B—->C—0

be a sequence of o-unital C*-algebras. Then one has the following siz-term exact
sequence:
Homa(K(A), K(I)) — Homx(K(A),K(B)) — Homy(K(A),K(C))

15 %
Homa(K(A), K(C)) « Homa(K(A4),K(B)) « Homa(K(4),K(I)),
where the map 0 is induced by the index map ; : Ki(B,Z/kZ)~ i+1(B,Z/kZ),
k=0,1,.... Moreover, if the short exact sequence splits, then 0; = 0 and the above

siz-term exact sequence degenerates into two split exact sequences.

Definition 5.3. Let A and B be two C*-algebras and let L : A — B be a
contractive completely positive linear map. We will still use L for L ® idys, :
M,(A) - M,(B), L ® idy, ®ide, : Mp(4) @ C(Cn) — Mu(B) @ Cy, its ex-
tension from M, (4) ® C(C,) to M,(B) ® C(C,) and L ® idy;, ® ide(shygo(cn)
and its unitization. Let P be the set of projections in M, (A), M,(A® Cy) and
M, (A® C, ®C(S)). As discussed in [Ln5] and other places such as [DEI], given
a finite subset P C P(A), there exists 6 > 0 and a finite subset F, such that any
F-6-multiplicative contractive completely positive linear map L : A — B uniquely
defines a map from [P] to K(B). Let G be the group generated by P; with an even
larger F and a smaller 4, L gives a group homomorphism [L] from G to K(A). In
what follows, for a contractive completely positive linear map L : A — B, when-
ever we write [L]|» we mean L is F-J-multiplicative with sufficiently large F and
sufficiently small § so that [L]|p is well defined.

Definition 5.4. Let A be a separable unital amenable C*-algebra. We fix an
embedding j, : Os — O. Let B be another C*-algebra. We use BT for the C*-
algebra obtained by adding an identity to B (even if B has a unit). We identify
Jo: O2 — BT @ Oy ® K with the map a — 1 ® j,(a). With this identification,
jo is full. Put Boe = B® Oy ® K and B¥ = BT ® O, ® K. Fix an embedding
1: A — Os. In what follows, we will use j for j, o2 whenever it is convenient.

An asymptotic sequential morphism ¢ = {¢,} from A to B¥ is a sequence of
approximately multiplicative contractive completely positive linear maps {¢y, } from
A to B# such that there is an element o« € Hom (K(A), K(B*)) with the property
that

Gulle = alp
for any finite subset P C P(A) and all sufficiently large n.
We say two asymptotic sequential morphisms ¢ = {¢,} and v = {4} are

equivalent if there exists a sequence of unitaries u,, € B# such that, for all a € A,

ladw, o (¢n @ 7)(a) — (b @ §)(a)|| — 0 as n — oco.
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We will write ¢ ~ 1 if ¢ and 1 are equivalent. Denote by {A, B¥} the equivalent
classes of asymptotic sequential morphisms from A to B¥. If ¢ = {¢,} is an
asymptotic sequential morphism from A to B#, we denote by (¢) the equivalence
class containing ¢.

Since B# = BT ® (Os ® K), we can add two elements by defining (¢) + () to

be (¢ © 7).
Proposition 5.5. Let ¢ = {¢,} and v = {,} be two asymptotic sequential
morphisms. If ¢ ~ 1), then there is unique o € Homp (K (A), K(B#)) such that for
any finite subset P C P(A),

[Pnllp = [¥n]lp = alp
for all sufficiently large n.
Proof. Since j: A — Oy — C-1p+ @ (Os ® K), [j] =0 in Homp (K (A), K(B%)).

Therefore [¢,]|p = ([Pn] @ [1])|p and [n]lp = ([¥n] @ [J])|». Suppose there is an
a € Homy (K (A), K(B#)) such that, for any finite subset P C P(A),

[Pnllp = alp
for all large n. Since there exists a sequence of unitaries {u,} in B# such that
llad uy, © ¢ (a) — Yp(a)|| = 0 as n — oo
for all a € A, it follows that
[¢n]|7’ = [wn]lP
for all large n. O
Proposition 5.6. {4, B#} is a group.

Proof. From the definition, it is immediate that j represents the zero element. Let
¢ = {¢n} be an asymptotic sequential morphismfrom A to B¥. It follows from
that there is a sequence of approximately contractive completely positive linear

maps {¢,} from A to B# and a sequence of unitaries u,, € B# such that
ladun o j(a) = (¢n & ¢n)(a)]| — 0 as n — oo

for all a € A. Suppose that o € Homy (K (A), K(B#)) such that, for any finite
subset P C P(A),

[Pn]lp = alp
for all large n. Note that [j] = 0. Hence
([6n] + [dn])lp =0
for all large n. Therefore
o ([BaDle = —al
for all n. Thus ¢ = {¢,} is an asymptotic sequential morphism from A to B7.
This shows that {A, B#} is a group. O

Definition 5.7. Fix a unital separable amenable C*-algebra A. Let B be a sepa-
rable C*-algebra and ¢ : B¥ — O, ® K be given by the unitization. Let ¢ = {¢,}
be an asymptotic sequential morphism from A to B#. We denote by E4(B) those

() such that there exists a sequence of unitaries u,, € O ® K such that
ladun 0 j(a) =& o dn(a) & j(a)| — 0 as n — oo
for all a € A.
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Lemma 5.8. Let A be a unital separable amenable C*-algebra. Then E4(B) is
a group for each o-unital C*-algebra. Moreover, if (¢) € Ea(B) is represented by
{&n}, then there is oo € Homp(K(A), K(Bx)) such that

[¢nllp = alp

for any finite subset P C P(A) and any sufficiently large n.

Proof. Let & : B* — O ® K be the surjective map associated with the unitiza-
tion of B. Let (¢) € Ea(B) which is represented by {¢,}. Let (¢) € {A, B#} be

represented by {¢,}. We may assume that, for each a € A, there are u,, € U(B#)
such that

ladun 0 &0 j(a) = (¢n(a) & én(a)l| — 0
as n — oo for all a € A. Since (¢p) € E4(B), we may assume that there exists a

sequence of unitaries w,, € U(B#) such that
lad€(wn) 0 § 0 j(a) =& o dn(a)] — 0
as n — oo for all @ € A. This implies that
lad € o (25 0 adun © j)(a) — € o (j(a) & dn)(a)]| — O
as n — oo for all a € A, where 2, = diag(w,, 1). This shows that (¢) € E4(B),
Thus E4(B) is a group.

To see that o € Homp (K (A), K(Bw)), we let A : Op, ® K — B# be the map
associated with the unitization of B. From the six-term exact sequence in K-theory
induced by the split short exact sequence

0—-BK—B* > 0,0K—0
and the fact that Ko(Ox) = Z and K1(Os) = 0, we compute that
K(B%) = K(Bx) ® K(Ox)
and
Homy (K(A), K(B*)) = Hom(K(A), K(Bs)) ® Homa(K(A), K(Oc))-

Since we may assume that

1€ © ¢n(a) = adg(un) 0 £(j)(a)l| — 0
as n — oo for all a € A and [§ o (aduy 0 j)] = 0 in Homa(K(A), K(Ox)), we
conclude that
loa=0
in Homa (K (A), K(Ow)). Therefore we may write that

a € Homp(K(A), K(Bx)). O

Proposition 5.9. Let A be a unital separable amenable C*-algebra. Then E4 is a
functor from separable C*-algebras and x-homomorphisms to abelian groups.

Proof. Tt follows from the definition and[5.8|that F 4 (B) is an abelian group for all o-
unital C*-algebras. For functoriality, let C' be another separable C*-algebra and let
h: B — C be a homomorphism. We extend it to obtain a homomorphism h:Bt —
Ct. Put h = h®ido_gk. Therefore {¢,} — {ho ¢, } sends asymptotic sequential
morphisms to asymptotic sequential morphisms. Moreover, one checks that ({h o
on}) is in Ex(C) if ({¢n}) is in Ea(B). Therefore h induces a homomorphism
h* : EA(B) — EA(C)



2906 HUAXIN LIN

If g : C — D is also a homomorphism, then it is easy to check that (g o h). =
g« © h.. Moreover, it is obvious that (idp)« = idg,(p)-. O

Remark 5.10. Suppose that ¢ = {¢,} is an asymptotic sequential morphism from
B# to C#. For any asymptotic sequential morphism {,,} which represents an
element () in E4(B), {¢n o ¢} gives an element in E4(C). It follows that (¢)
also induces a homomorphism from E4(B) to E4(C).

Lemma 5.11 (cf. 3.16 in [P3]). Let A be a unital separable amenable C*-algebra.
Let

0—-I15BL5B/I—0
be a short exact sequence of separable C*-algebras.
(1) Suppose that the map [1] : Homp (K (A), K(I)) — Homa(K(A), K(Bs)) is
injective. Then the sequence

Ea(I) 5 Ex(B) S EA(B/I)

is exact in the middle.
(2) If there is a C*-subalgebra J C B such that J is contractible and I C J, then
T, 1S injective.

Proof. Tt follows from Definition[5.7] that 7, 02, = 0. To show that ker(m,) C im(2),
we let £ : B — Oy @ K and A : Oy ® K — B# be the maps associated with
the unitization maps B* — C and C — BT. Denote by 7# the quotient map
from B¥ — (B/I)* induced by m. Let (¢) € kerm,, which is represented by an
asymptotic sequential morphism ¢ = {¢,} from A to B#. Then there exists a

sequence of unitaries v,, € (B/I)# such that
ladv,, o 7# o (¢n(a) @ j(a)) — j(a)] — 0 as n — oo

P

for all a € A. By replacing v,, by v, ® v}, we may assume that v, € Uy((B/I)#).

n?

Let u,, € Up(B#) be such that 7% (u,,) = v,. We have
17 (w7, (én ® j(@))un — j(@))l| — 0 as n— oo
for all @ € A. Let o : (B/I)# — B be a continuous (not necessarily linear) cross
section of n# satisfying o(0) = 0 (given by [BG]). Define ¢/, : A — B# by
vy (a) = up (dn(a) @ j(a))un — (o 0 1) (up ¢ (a)un — j(a)
for @ € A. Since
(¥, (a) — j(a) =0,

Y! (a) € I* for all A. Since o is continuous, we have

lim (o 0 7)(u;, (¢n(a) @ j(a))un — j(a))| =0

n—oo
for all a € A. Therefore {¢/,} is an approximately linear, self adjoint and multiplica-
tive map (not necessarily linear or positive) from A to I#. Since A is amenable, it
follows from 1.1.5 in [P3] that there is a sequence of approximately multiplicative
contractive completely positive linear maps 1, : A — I# such that

l¥m(a) — ¥l (a)|| — 0 as n — oo
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for all @ € A. Therefore
Tim_[[20 (@) — ad uy © (6(a) & §(a))]| = 0
for all a € A.
If there is a C*-subalgebra J C B such that J is contractible and I C J, then it
follows from [.6] that there are unitaries z,, € B# such that

lim [lad z, o j(a) —20y(a)|| =0

for all @ € A. Combining the above two limits, we see that (¢) = 0. This implies
that 7, is injective. This proves (2).
To prove (1), let @« € Homp(K(A), K(Bx)) such that, for any finite subset
P CP(A),
[Pn]lp = alp
for all sufficiently large n. Since the map

(1] : Homa(K(A), K(I)) — Homp (K(A), K(Bo))

is injective, it has a left inverse [¢]~1. Then, one checks that

[Wullp =[] oalp
for all sufficiently large n. So {i,} is an asymptotic sequential morphism and

({¢n}) € Ea(I). Moreover ({z0vy,}) = (¢) and ({1,,}) € imz.. This completes the
proof. O

Lemma 5.12. Let A be a separable amenable C*-algebra and let B be a o-unital
C*-algebra. Suppose that fix : Ea(B) — EA(C) (i = 1,2) are homomorphisms and
there is a homomorphism g, : E5(B) — E4(C([0,1],C)) such that dp © g« = fi«
and 01 © g« = fax, where §; : C([0,1], B) — B is the point evaluation at t. Then
fl* - f2*-

Proof. Let (¢) € E4(B). Suppose that ¢.((¢)) is represented by {®,}, where ®,, :
A — C([0,1], B) is a sequence of contractive completely positive linear maps. Then
3 0 g«((¢)) is represented by {d; o ®,,}. It follows from that ({dp o @, }) =
({010 @, }). However, fo.({(¢)) = ({dp o ®,}) and f1.({¢)) = ({01 0 P, }). Therefore
fl* = f2*~ O

Lemma 5.13. Let A be a separable amenable C*-algebra and
0—-15B5B/I—0

be a split short exact sequence of separable C*-algebras. Then we have the following
split short exact sequence:

0— Eao(I) % Ex(B) 3 Ea(B/I) — 0.
Proof. We first show that if B/I is contractible, then the embedding ¢+ : I — B
gives an isomorphism E4(I) to E4(B). By[£.12, Ea(B/I) = 0. Moreover, the map
01 : Homa(K(A),K(B/I)) — Homa(K(A),K(I)) in 52 is zero. Therefore [1] is

injective. It follows from [5.11] that 4, is surjective.
We also have E4(B/I) = E4(S(B/I)) = Ea(Co((0,1],1)) = 0. Set

1
S(B,B/I) = {(a,b) € B& Cy([0,1), B/I) : w(a) = b(0)} and
Z(I,B) = {z € C([0,1], B) : z(0) € I}.



2908 HUAXIN LIN

Since S(B/I) and Cy((0,1],1) are contractible, by EI1] we have exact sequences
0= FEA(S(B/I)) — Ea(B,B/I)) — E4(B) and
0= FA(Cy(0,1],I) = Ea(Z(I,B)) — Ea(S(B, B/I)).
It follows that E4(Z(I,B)) — Ea(S(B,B/I)) — E4(B) are monomorphisms.
However, Z(I,B) is homotopically equivalent to I, and the composition I —
Z(1,B) — S(B,B/I) — B coincides with 1. By 512, . is injective.

In general, let j : I — S(B, B/I) be defined by j(b) = (b,0). Then S(B, B/I)/j(I)
>~ (y([0,1), B/I) is contractible. So from what we have just proved, j, is an iso-
morphism.

To see that F4 is split exact, we assume that s: B/I — B is a monomorphism
such that 7o s = idg;. It follows from and 1T that Ex(I) — Ea(B) —
EA(B/I) is exact in the middle. Since 7,0i, = (idp,s)«, we see that . is surjective.

It remains to show that 2, is injective.

Denote by j1 : S(B/I) — S(B, B/I) the embedding. Let

J = {(s(b(0)),b) € S(B,B/I) :be Cy([0,1),B/I)}.
Then J = Cy([0,1), B/I), which is contractible. On the other hand, we see that
imj; C J. Thus (j1)« = 0. Moreover, by applying (2) in 11l to the short exact
sequence
0—S(B/I)— S(B,B/I)— B —0,

we see that the map E4(S(B,B/I)) — Ea(B) is injective. We again note that

Z(I,B) is homotopically equivalent to I, and the composition I — Z(I,B) —
S(B,B/I) — B coincides with 2. By [5.12] 4, is also injective. O

Let D be a C*-algebra. Define e : DK - DK ®K by é(a®b) = a®@b® e,
where ej; is a rank one projection in K. The map € induces a map é, : E4(B) —
E4(B®K). It should be noted that e1; may be chosen to be any rank one projection
in C.

Lemma 5.14 (cf. 3.1.11in [P3]). Let A be a separable unital amenable C*-algebra.
Then Ez(—) is stable, i.e., €, : Eo(B) — Ea(B ® K) is an isomorphism.

Proof. Fix a rank one projection eq; in K. Let ¢ : Oso — K ® O be the homomor-
phism defined by ¢(a) = e11 ® a for a € O. Fix an approximate identity {e,} of
K ® Os which consists of projections with e; = e11 ® lo,. In K ® O there is for
each n a projection d,, > e, such that [d,] = [e1]. Note that, for any b € £ ® O,

dnb — bl — 0, ||bdp — b — 0 and | dnbd, — b] — 0

—~—

as n — oo. There exists a unitary u, € K ® Oy such that u,d,u), =e;,n=1,2,....
Define 1/}510) (b) = updpad,u* for all a € K ® O, n = 1,2,.... Then {w,(lo)} is an
asymptotic sequential morphism from K ® O to e1(K ® O )er. So there is an
asymptotic sequential morphism {,} from K ® O to Ou such that ¢ o {1, } =
{1/)%0)}. Note that
aduy, o ¥ (a) = dnad,

for all n and a € K ® O which is equivalent to idggo.. . Put ¥ = {1, }.

Define ¢ : B O @K - (BRK)® 0O @K by é(b®a®k)=bQe11 ®@a®k
and let é# : B#* — (B ® K)# be the extension. We note that ¢ = idp ® ¢ ® idk.
Define f = idp ® ¢ ®idx. We see that é and f induce homomorphisms from EA(B)
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to Ea(B ® K) and from E4(B ® K) to Ea(B). The fact that ¢ o is equivalent to
idkgo,, implies that € o f induces the identity map from E4(B ® K) to itself.
Consider ¢ ® idx o ¢ ® idx. For each a € Oy, since e, > e, one has

Yn 0 da) = un(en ® a)uy,.
By identifying e11 ® a with a, we may view s, = uye; as an isometry in O,. There

is a unitary W,, € Oy ® K such that W,,(1 ® e11) = s,,. Therefore one sees that
1 o ¢ induces an isomorphism on E4(B). It follows that é, is an isomorphism. O

We summarized the main results of this section as follows:

Theorem 5.15. Let A be a unital separable amenable C*-algebra. Then E, is a
functor from the category of separable C*-algebras (with usual homomorphisms) to
the category of abelian groups which is

(i) homotopy invariant, i.e., suppose that fi. : Ea(B) — Ea(C) (i = 1,2) are
homomorphisms and there is a homomorphism g. : Ea(B) — E4(C([0,1],C))
such that g © g« = f1. and 61 0 g« = fax, where §; : C([0,1], B) — B is the point
evaluation at t, then fi1. = fox;

(ii) stable, i.e., éx: Eo(B) — Ea(B ® K) is an isomorphism; and

(i) split exact.

Definition 5.16. Let A be a separable amenable C*-algebra. We use the iden-
tification KK (A, B) = Ext(SA, B) and KK'(A, B) = Ext(A, B). We denote by
T (A, B) the set of equivalence classes of stably approximately trivial extensions
(see |[Lnl0]). It was shown that 7 is a subgroup of Ext(A, B).

Let A be a separable amenable C*-algebra and let B be a o-unital C*-algebra.
Recall that KL(A, B) = KL°(A, B) = Ext(SA, B)/T(SA, B) and KLY(A, B) =
Ext(A,B)/T (A, B) (see [Lnl0]). We will use Il : KK (A, B) — KL(A, B) for the
quotient map. It should be noted that we have now defined KL(A, B) without
the UCT (see [Lnl0]). It follows from [Lnl0] that (with A amenable) 7 (A, B)
is in the kernel of I'. Thus we obtain the induced map T' from KL(A,B) to
Homp(K(A), K(B)).

Recall (see [LnT0]) that A is said to satisfy the Approximate Universal Coefficient
Theorem (AUCT) if the map I is an isomorphism. It is equivalent to have the
following exact sequence:

0 — Pextz(K.(A), K.(B)) — KL(A,B) - Hom(K,(A), K.(B)) — 0.

It is known and it is easy to see that KL(A,—), Homa(K(A),K(—)),
KL(A,—®0) and Homp (A4, — ® O ) are functors from category of C*-algebras
with *-homomorphisms to abelian groups. It is known that both KL(A,—) and
Homp(K(A), K(—)) are homotopy invariant, stable and split exact. From this fact,
it is rather routine to check that the latter two are also homotopy invariant, stable
and split exact.

Definition 5.17. Let A be a unital separable amenable C*-algebra and let B be a
separable C*-algebra. Given (¢) € E4(B), which is represented by an asymptotic
sequential morphism {¢,} from A — B# it follows from and [0.8 that there is
a unique « € Homp (K (A), K(Bw)) such that

[Pnllp = alp
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for all finite subsets P C P and all sufficiently large n. Let 85((¢)) = . Then (g
gives a homomorphism from E4(B) to Homa(K(A), K(B ® Ox)). This defines a
natural transformation 8 from the functor E4 to the functor

Homp (K(A), K(= ® Ox)).

To see this, let h : B — D be a homomorphism and (¢) = ({¢,}) € Ea(B).
Suppose that £ = Sp({¢)). Then h.(§) = Bp({h o ¢én}). In other words, we have

Ao (Ea(h))({(8) = Bo(({h o én})) = hu(Bp((dn)).

The composition KL(A, ~—) — KL(A,— ®Ox) = Homp(K(A), K(— ® O)) will
be denoted by I';. Then I'y is a natural transformation from the functor K'L(A4, —)
to the functor Homa (K(A), K(— ® Ox)).

Theorem 5.18. Let A be a unital separable amenable C*-algebra. Then, for
each separable C*-algebra B, the image of map Bp contains I''(KL(A, B)) =
I(KL(A, Bs)).

Proof. Tt is easy to see that I is a natural transformation from the functor K K (A,-)
to the functor Hom (K(A), K(—®0Ox)). It follows from a result of Higson [H] that
there is a unique natural transformation « from KK (A, —) to E4 with a4 ([id4]) =
(ida). Let 8 : E4 — Homp(K(A), K(— ® O)) be the natural transformation
defined in BET4. Then B4 ({id4)) = [ida]. Therefore 54 o as([ida]) = [ida]. Since

I([ida]) = [ida], it follows from [H] that

Ioll=foa.
Thus Bp(Ea(B)) D T1(KL(A,B)) = T(KL(A, B ® 04)). O
Corollary 5.19. Let A be a unital separable amenable C*-algebra and let B be
a unital separable C*-algebra. Then for any o € T1(KL(A, B)), there exists an

asymptotic sequential morphism {¢n} which maps A into Boo such that, for any
finite subset P C P(A),

[¢nllp = alp

for all sufficiently large n.

Proof. By B.I8 there is an element ({¢,}) € F4(B) such that [({¢,})] = a. Since
B is unital, we may write B# = B® Oy @ K ® Os ® K. Therefore we may write
On = @, DO, where ¢, : A — B and ¢!} : A — O ® K. Moreover both {¢] } and

{@!'} are asymptotic sequential morphisms and there are unitaries u, € Ou @ K
such that

ladu o ¢ (a) — j(a)ll — 0
as n — oo for all a € A. It follows that, for any finite subset P C P(A),
(@]l = alp

for all sufficiently large n. O
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6. THE ISOMORPHISM WITH KL

The following is just a variation of the Theorem 3.9 in [Lnl0]. An earlier version
can be found in [Ln3]. A proof can also be found in [LnT].

Theorem 6.1. Let A be a separable unital amenable C*-algebra and let B be a
o-unital C*-algebra. Suppose that hi,he : A — B are two homomorphisms such
that

[ha] = [hs] in KK(A, B).
Suppose that hg : A — B is a full monomorphism such that [ho(14)] = [h1(14)] =
[h2(14)]. Then, for any e > 0 and finite subset F C A, there is an integer n and a
unitary w € U(Mp41(B)) such that

[w*diag(hi(a), ho(a),- -+ , ho(a))w — diag(hz(a), ho(a), -+, ho(a))|| < e
foralla € F.

Proof. Theorem 3.9 in [Lnl0] assumes that B is unital and hg, h; and he are all
unital. We will reduce the case here to the unital case. Since hg is full, e = ho(14)
is a full projection in B. Then there is an integer k such that hi(14) and ha(14) are
equivalent to some projections in EMj,(B)E, where E = diag(e, .., e), and where e
repeats k times. Without loss of generality, we may assume that h1(14) and ha(14)
are in EMy(B)E. Since [hi(14)] = [he(14)] in Ko(B), there exists an integer m
such that diag(hi(14), E, ..., E) is unitarily equivalent to diag(he(14),E, ..., E) in
Momi(B). Set Hy = diag(hy, ho, ..., ho) and Hy = diag(hs, ho, ..., ho), where hq re-
peats mk times. By replacing Hy by ad Uo H; for some unitaries U € May,i42(eBe)
we may assume that

diag(h1(14), ho(la),....,ho(14)) = diag(ha(14), ho(14), ..., ho(1a)).
Set
P =diag(h1(1a),ho(1a),..., ho(14)).
Let D = PMy+1(B)P, ® = diag(hy, ho, ..., ho), ¥ = diag(ha, ho, ..., ho) and Hy =
diag(ho, ..., ho), where hg repeats mk times in ® and ¥ and hg repeats mk + 1

times in Hy. Then this theorem follows from the unital version in [Lnl0] (Theorem
3.9). O

Theorem 6.2. Let A be a unital separable amenable C*-algebra and let B be a sep-
arable unital C*-algebra. Suppose I' : KL(A, qoo(Boo)) — T'(KL(A, goo (B ® Ox)))
is injective. Then fp : Eo(B) — Homp(K(A), K(B ® Ox)) is also injective.

Proof. By BI8, it suffices to show that 8p is injective. Let
a € T(KL(A,B® 04)) C Homp(K(A), K(B® 04))

and (¢), (¢) € E4(B) such that Sp({¢)) = Br({¢))). Suppose that (¢) and () are
represented by ¢ = {¢,,} and ¥ = {¢,,}, respectively. Since B is unital, we may
write B¥ = B® 00 @ KB 0o ® K. We may write ¢, = ¢/, © ¢ and 1, = !, & ¢!,
where ¢/, ¢, : A -5 B® Ox @ K and ¢/, ¢! : A — O @ K. Moreover since
{7# 0 ¢} ®j and {7¥ 04, } @ j are approximately unitarily equivalent to j, we
have that, for any finite subset P C P(A), there exists N > 0 such that

[PLllp = [Wnllp = alp
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for all large n > N. It follows from 2.9 in [GLI] (see also Remark 2.1 in [GL2])
that

Ki(I®(B® Os ® K)) = [ [ Ki(B® Ox),
Ki(I®(B® Os ® K),Z/kZ) = [ | Ki(B ® O, Z/kZ),

Ki(goe(B® 00 ®K)) = [ [ Ki(B® Ox)/ &n Ki(B® O) and
Ki(goo(B ® Ono ® K, Z/kZ)) = [ [ Ki(B ® Oue, Z/KZ)] & Ki(B ® Ono, Z/KL).
Define &, ¥ : A — [[,»x B® O @ K by ®n(a) = {¢n(a)}n>n and Uy(a) =

{tn(a)} for a € A, respectively. We then have

[V]|p = [®]|».
Let hy =7’ o ® and he = 7’ o ¥, where 7’ : I*°(B® O @ K) — ¢oo (B ® O @ K).
Regarding [h1] and [hz] as elements in K L(A, ¢oo(B ® Ox ® K)), we have
Ly ([h]) = T ([ha)).

By the assumption that T'; is injective, we obtain [h1] = [hg] in KL(A, goo(Bso)).
Let J : A = Oy — (0 ® K) be defined by J(a) = {j(a),j(a),....}. Put
hs = h1 @ (7' o J). Note that hs is full. It follows from Bl that there is a sequence

of integers {m(n)} and a sequence of unitaries wy, € goo(Bso) such that
llad wy, o (h1(a) © dpy(ny © ha(a)) — ha(a) © dp(n) © ha(a)|| — 0

as n — oo for all a € A. Let {¢,} be the sequence of the maps given by EL5
corresponding to {¢,}. Define ® : A — [*°(By) by ®(a) = {¢n(a)} for a € A. Set
hy = 7' o ®. Then

lad w;, o (h1(a) ® du(n) © hs ® ha(a)) — ha(a) ® dy ) © hs @ ha(a)|| — 0

as n — oo for all a € A, where w;, is a unitary in U(geo(Bx)). However, by the
choice of ¢],, we have
lad 2, © (hi1(a) @ dyyny © 7' o J(a)) — ha(a) ® drm(n) © 7' o J(a)|| — 0

—_~—

as n — oo for all a € A, where z,, is a unitary in U(¢eo(Bso))-
Since {dy,(n) o ' o J} is approximately unitarily equivalent to 7’ o J, we have

Jim llad 2!, o (hy ® 7" o J)(a) — ha(a) ® " o J(a)|| =0

for all a € A, where z/, is another sequence of unitaries. There is a unitary U, , =

{v,gn)}kzl € [°(Bx) such that 7(Up ) = 2, n = 1,2, .... Let u,, = o™ Then we
have

lad un © (¢}, (a) ® j(a)) — ¢y, (a) © j(a)]| — O
as n — oo for all @ € A. From here we conclude that (¢) = (). O

Theorem 6.3. Let A be unital separable amenable C*-algebra. Then for anye > 0
and any finite subset F C A, there exists § > 0, a finite subset G and a finite subset
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P C P(A) satisfying the following: if B is a unital C*-algebra and ¢,v : A — B
are two G-0-multiplicative contractive completely positive linear maps with

[ll» = [¢ll»,

then there exists a unitary u € E;, such that
aduo (¢ ®j) mep @ j on F
(here we use the fact that M2(Bs) = Boo).

Proof. Suppose the theorem is false. Let {d,,} be a decreasing sequence of positive
numbers such that lim, .. e, = 0, let {F,} be an increasing sequence of finite
subsets of A such that | ;2 ; F,, is dense in A and let {P,,} be an increasing sequence
of finite subsets such that [ J;2_; P, = P(A). Then there exists g9 > 0, a finite subset
Fo C A, a sequence of unital C*-algebras and two sequences of approximately
multiplicative contractive completely positive linear maps v, ¢, : A — Bc(x?) =
B ® Ox @ K such that

[wn] |7’n - [¢n]

P, n=12 ..,
and
Strllp{maX{Hadun o (¢Yn(a) ®j(a)) — (dn(a) ®j(a))l : a € Fo}} = eo

for all unitaries u,, € U(Bég)).

Define U : A — (®({B%}) and ® : A — 1°°({B,}) by ¥(a) = {¢n(a)} and
®(a) = {¢pn(a)} for a € A, respectively. Put hy = 7/ o ¥ and he = 7’ o ®, where
7 lw({Bég)}) — qoo({Bég)}) is the quotient map. It follows from the proof of E2
that R ~

Li([m]) = Ta([ha)).
The same proof of shows that there exists an integer m and a unitary in w €
M (goo ({BS1)) such that

ladw o (hi(a) & 7 o J(a)) — (ha(a) ® 7" 0 J(a))|| < eo/2
for all a € Fy. There exists a unitary U = {v,} € U(qoo({Bc(,g)})) such that
7' (U) = w. Therefore there exists an integer N such that for all n > N,
llad v, o (¢n(a) ® j(a)) = (d(a) © j(a))] < eo
for all a € Fy. This gives a contradiction. U

Lemma 6.4. With the same hypothesis, elements in E4(B) can be represented by
homomorphisms from A to B® Oy & K.

Proof. Let (¢) € E4(B) be represented by {¢,} and £ = Bp({¢)). Fix € > 0 and a
finite subset F. Let §, G and P be as required in 3. There exists N > 0 such that
¢y are G-d-multiplicative and

[¢n] |P = 5|P
for all n > N. By B.19, we may assume that ¢,, maps into B,. It follows from
that there exists, for each n, a unitary u, € Bo such that

lad .k © (dn @ j)(a) = (Dnrr @ J)(a)l| <&

for all @ € F and n > N. By applying 7 we obtain a subsequence {m(k)} and
a sequence of unitaries wy € Boo such that h(a) = lim, o Wi (dmu) © J)(a)wy
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converges for each @ € A and h : A — B# is a homomorphism. Furthermore,
[h] = €. By applying [6.3] again, we obtain that (¢) = (h). O

Theorem 6.5. Let A be a unital separable amenable C*-algebra which satisfies the
AUCT and B be a unital separable C*-algebra. Then

B :Es(B) — KL(A,B® Ox ®K)
is an isomorphism.

Proof. If A satisfies the AUCT, the map I'; in[6.2is an isomorphism. Therefore,
this theorem follows immediately from and [5.18 O

Theorem 6.6. Let A be a unital separable amenable C*-algebra which satisfies
the AUCT and B be a unital separable amenable purely infinite simple C*-algebra.
Then Bp : Ea(B) — KL(A, B) is an isomorphism.

Proof. Tt is proved in [KP] that, under the assumption in the theorem, Bo, = BQK.
Thus this theorem follows from [6.5] O

The following is the one of the main results of this paper.

Theorem 6.7. Let A be a unital separable amenable C*-algebra satisfying the
AUCT and let B be a unital separable amenable purely infinite simple C*-algebra.
Let h; : A — B be two monomorphisms. Then there exists a sequence of isometries
un € U(B) such that

lim |ladu, o hi(a) — ha(a)|| =0
n—oo
for all a € A if and only if
[h1] = [he] in KL(A,B).
Moreover, for any x € KL(A, B), there exists a monomorphism h : A — B such
that [h] = x.

Proof. The last part of the theorem follows from [6.4] and

It was proved by Rgrdam (5.4 in [Ro2]) that the “only if” part holds. We will
present the proof for the other direction. Let € > 0 and F be a finite subset of A.
It follows from [6.0 that there exists a unitary u € M(B) such that

ladwo (hy @ j)(a) = (he © j)(a)]| < /4
for all @ € F. It follows from 2.8 in [KP] and 4.11 in [P3] (see also (iii) in 8.2.5

in [Rod]) that there exists a homomorphism ¢ : B — B which factors through O,
and an isometry v € My(B) with v*v = Las(B) and vv* = 15 such that

ladv o (idp @ ¢)(b) — idg(b)| < /8

for all b € (h1 @ j)(F) U (ha @ 5)(F). Since ¢ factors through Os, it follows from
3.6 in [RoT] that there are unitaries z1, z2 € B such that

ladz1 0 ¢ o hi(a) —j(a)| <e/8
and
lad 22 0 ¢ 0 ha(a) —j(a)| <e/8
for all @ € F. Therefore we have
hi =~ s (idp © @) o hy =8 h1 @ j ~ejq ha @ j ~cyg (idp @ @) 0 ha = /g ha
on F. In other words, h; =, ho on F. [l
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7. RELATIVE WEAKLY SEMIPROJECTIVITY
FOR SEPARABLE AMENABLE C*-ALGEBRAS

Lemma 7.1. Let G,, be a sequence of abelian groups and let Gy be a finitely
generated abelian group. Let A\ : Go — [[,,Gn/ ®n G be a homomorphism.
Then there is a homomorphism o : Gy — [], Gn such that m oo = X, where
m:[L,,Gn — 11, Gn/ ®n Gy, is the quotient map.

Proof. Write Gy = G @ G{j, where G is a free group and Gy is a finite abelian
group. It suffices to prove the lemma for the case that Gy is finite. Suppose that
Go = Go1 @ - - - @ Gog, where each Gy ; is cyclic. Let s; € Go; be the generator and
let g(i,n) € Gy, such that 7({g(i,n)}) = A(s:), ¢ = 1,2, ..., k. Suppose that r; is the
order of A(s;). Then, for each i, there is n; > 0 such that
rig(i,n) =0 for all n > n;.

Choose N = max{n; : i = 1,2,...,k}. Define ¢ : Go — [[,,Gn by o(s;) =
(0,...,0,9(i, N+ 1),9(i, N+ 2),...), : = 1,2, ..., k. Clearly o gives a homomorphism
and Too = A, (]

Lemma 7.2. Let {G(n,1)},{G(n,2)},....,{G(n, k)} be k sequences of abelian groups
and let Fy,...,F}, be k finitely generated abelian groups. Let ¢; : ], G(n,i) —
[, G(n,i+1) and o; : F; — F;11 be homomorphisms. Denote by

¢i - [[Gn, 1)/ P Gn,i) = [[Gni+ 1)/ P Gn,i+1)

the induced homomorphism by ¢;, i = 1,2, ..., k. Suppose that there is a homomor-
phism o; : F; — ], G(n,i)/ ®n G(n,i) such that the diagram

- F E Fipi
Lo ] Jasss
— L, Gn,i)/ @, Gn,i) % TI,Gni+1)/®, Cn,i+1)
wi)l Fipo wi)z
YL, Gni+2)/ D, Gnyi+2) "
commutes for each i = 1,2,....k. Then there is a homomorphism -~; : F; —

I1,, G(n,i) such that the following diagram commutes for every i:

vy Pit1 Yit2

F; Fiiq Fiyo
YVit1 Yit2
iy
Pit1 i bit2
[, G(n,i+2) ——

[, G(n,i+1)

Ti42

I1, G(n,1) Pi I, G(n,it+1) Fit1 I, G(n,i+2) Pit2
@, G(n,i) ®,, G(n,i+1) ®,, C(n,i+2)
where m; : [[,, G(n,i) — [],, G(n,i)/ B,, G(n,1) is the quotient map.
Moreover, there exists N > 1 satisfying the following: if %; : F; — [],, G(n,1) is
another homomorphism such that m; o %y; = m; o y;, then

Pr,i©Yi = Pni©%



2916 HUAXIN LIN

forn > N and i = 1,2,....k, where p,; : [[,, G(n,i) — G(n,i) is the projection.
Consequently, if F, = F1 and a1 = ag, then we can choose vy = 1.

Proof. Tt follows from [Tl that there is o; : F; — [],, G(n,i) such that m; 0 0; = a;.
Let {s(i,j) : 5 = 1,2,...,m(i)} be the cyclic generators of F;. Denote by p,; :
[1,, G(n,i) — G(n,i) the projection, i = 1,2,...,k. For each 4, since ¢; o oy =
@j+1 © Y;, there is an integer N(i,7) > 0 such that

Dn,i © @i © 03(8(1, 7)) = Pn,i+1 © Tit1 © Vi(s(i, 5))

forall n > N(i,5), 5 =1,2,...,m(¢) and i = 1,2,..., k. Choose N1 = max{N (i, j) :
1 <j<m(i),1 <i<k}. Define v; : F; — [],, G(n,i) by

Yi(s(i,7)) = (0, ..., 0, pn, +1,i00:(5(%, 7)), PN 42,00 (5(i, 5)), s PNy +m,i003(5(3, 5)), -.-),
i=12..,m(i),i=1,2,...,k. Then we have

¢ioy; =vir10%; and o =m0y

for all . Moreover we have the commutative diagram in the statement of the lemma
for every i.

If 4; : F; — [],, G(n,1) is another homomorphism such that m;07; = m;0%;, then,
as above, there is N (i) such that p, ;0 =pn;09; foralln > N(i),i=1,2,..., k.
Choose N = max{N(i):i=1,2,...,k}.

If Fy, = F1 and oy = ag, as above, by choosing possibly even larger Ny, we may
choose v, = 1. O

The following two lemmas are taken from [DR] (1.3 in [DR]).

Lemma 7.3. (i) Let A be a separable C*-subalgebra in an amenable C*-algebra
B. There exists a separable amenable C*-subalgebra C such that A C C C B.
(ii) Let A be a separable C*-algebra in an amenable purely infinite simple C*-

algebra B. Then there is a separable amenable purely infinite simple C*-algebra
C C B such that A C C.

Lemma 7.4. Let A be a separable wunital amenable C*-algebra and let
h:A— qo({Bn}) be a full homomorphism, where By, are separable purely infinite
simple C*-algebra. Let j, : A — B, be a monomorphism which factors through Os
and let j : A — qoo({Bn}) be defined by 7o {jn}, where m: 1°({Bn}) — qoo({Bn})
is the quotient map. Then there exists a partial isometry u € Ma(qoo({Bn})) such
that u*u = 1p, and uu* = 1B, and

adu, o (h®j) = h.

Proof. Since A is amenable, there exists a contractive completely positive linear
map L : A — [®({B,}) such that m o L = h. Write L = {¢,}, where each
¥, : A — B, is a contractive completely positive linear map. Let {F,} be an
increasing sequence of finite subsets of A such that | J,-; F, is dense in A. There
is a sequence of projections e, € B, such that

ln(la) —en]| = 0 as n— oo.

Without loss of generality, by replacing ¢, by e, €., we may assume that 1, (14)
< e, for all n. By replacing B,, by e,B,e,, we may also assume that B, are
unital. It follows from (iii) in [Ro4] (see also 2.4 in [P2]) that there is an embedding
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¢n : Bp, — B, which factors through O2 and a sequence of isometry {u,} in
M3 (By) such that uyu, = 1ag(B,), unty, = 1p, and

[un(idp, & én)(b)u, —idp, (b)[| < 1/n
for all b € ¢, (F). We write ¢p = ¢4 0 ¢\, where ¢\ : B, — Oy and ¢4
Oy — B,, are monomorphisms. Let ¢ = 70 {¢,}, 0 = poh, ¢(V) =70 {d)sll)} and
0 =70 {d)slo)}. Since h and ¢ are full, so is ¢(9) o h. Tt follows from B.4 that
there is monomorphism hg : A — 1°°(05) such that 7’ o hg = ¢(©) o h. Therefore we

have
69 0 4 (a) — RO(a)]| =0 as n — oo

for all @ € A, where hg(a) = {h%o)(a)}. It follows from 5.11 in [Ro4| that there are
unitaries z, € B, such that

lad z,, 0 ¢ 0 KD (a) — ju(a)|| = 0 as n — oo
for all a € A. Combining all these, we obtain a sequence of partial isometries
wy, € My(By) with wiw, = 1p, and w,w;, = 1B, ) such that

llad wy (¢¥n(a) & jn(a)) — ¢n(a)ll — 0 as n — oo
for all a € A. Let w = {w,} € Ma(I*°({B,})) and u = w(w). Then

aduo (h®j) = h.
O

Theorem 7.5. Let A be a unital separable amenable C*-algebra with finitely gen-
erated K;(A) (i =0,1) satisfying the AUCT. Let B be the class of amenable purely
infinite simple C*-algebras. Then A is apf-weakly semiprojective with respect to B.

Proof. Let {B,} be a sequence of amenable C*-algebras in B and h : A — oo (By)
be a full homomorphism. Let L : A — [*°(B,,) be a contractive completely positive
linear map such that m o L = h, where 7 : {*({B,}) — qoo({Bn}) is the quotient
map. Write L = {L,}, where each L, : A — B, is a contractive completely
positive linear map. Let A, be the separable C*-subalgebra generated by L, (A).
It follows from [[3] that there is an amenable separable purely infinite simple C*-
algebra C,, such that L,,(4) C C,, C B,,. Thus we may replace B,, by C,,. Therefore
we may assume that each B,, is separable. Since B,, C B,, ® K and ¢oo({Bn}) C
¢oo({Br ® K}), we now consider the case that each B,, is stable.

Since K;(A) (i = 0,1) is finitely generated, by 2.11 in [DL2] there is an integer
ko > 0 such that Hompa(K(A), K(C)) & Homp(Fy,K(A), Fr, K(C)) for all o-
unital C*-algebra C, where Fi,, K(D) = K.(A) &)<y, K+(D,Z/kZ). Let I([n]) €
HomA(FkOK(A)a FkOK(qOO (Bn)))

Put

P =TI Ku(Bw), B = [] Ki(Bn, 2/k2),
QY = [[5:(B.)/ P Ki(B,) and QY = 11 5:(B...2/kZ)) @ Ki(Bn, Z/KZ).
It follows from 2.9 in |[GL1| that
K(1™(B, ® K)) = B, K(1®(B, ® K),Z/kZ) = P",
Ki(4so(Bn ©K)) = Q) and  Ki(goo(Bn © K), Z/KZ) = QY
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k =2,3,.... We have the following commutative diagrams:
Ko(4) Ko(A,Z/KZ) Ki1(4)
f([h])l
(0) (0) (1)
0 k 0

(0) 1) (1)
k

~
wl N

N,/

0 0
Ko(A K1 (A, Z/KZ) 1(4)
and
Ko(A, Z/mkZ) Ko(A,Z/kZ) K1(A,Z/mZ)
\ f([h])l /
Q%; 2 f»
sg) ](:) Q(l;€
/ f[(h,)]T \
Ko(A, Z/mZ) K1(A,Z/kZ) K1(A, Z/mkZ)

It follows from that for any 0 < k < k2, we obtain homomorphisms « :
Ki(AZ/kZ) — P,gi), ai k- Ki(A) — Péi) and a;’k : Ki(A) — Péi) such that
MTeoQ = f‘([h])|(A7Z/kZ), Ty O, = hy; and w*oa;’k =hy,1=0,1,and 0 < k < k‘%.
Furthermore we have the commutative diagram

Ko(A) Ko(A,Z/KZ) Ki1(4)
Qo k ozl V
0 0 1
R
0 1 1
PO e a8
ag g O{T ok
Ko(A) K1 (A, Z/KZ) K1 (4)

for all k& < k2. By the last part of [[.2] there is an integer N > 0 such that by
replacing py; © &, Pn,i © & &, and py ;0 O‘;,k by zero maps for n < N, we may assume
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that oy, = a;,k, 0 <k < k2 and i = 0,1. Similarly, we have the commutative
diagram

Ko(A, Z/mkZ) Ko(A,Z/kT) K1(A,Z/mZ)
\ pO) P P
T |
Py P Py
Ko(A,Z/mZ) K1(A,Z/kT) K1(A,Z/mkZ)

for all k < ko. It follows from 2.11 in [DL2] that there is
a={an} € Homp(F,K(A), Fr, K(1°°(By))

such that 7, o a = T'([h]). Note that each o, € Homp(Fi, K(A), Fr, K(By)). It
follows from [6.4] and that there is a homomorphism h, : A — B, such that
[hn] = au,. Fix a sequence of finite subsets F; such that F; C Fj41,n=1,2,..., and
UZO:1 Fn is dense in A, and a decreasing sequence of positive numbers ¢; such that
lim;_,. g; = 0. For each j, let §; > 0, P; C P(A) and G, be finite subsets associated
with €, F; and A as required by There is n(j) > 0 such that L,, : A — B,, is
Gn-6n-multiplicative, and [L,]|p, is well defined for all n > n(j). Furthermore, we
may also assume (with perhaps even larger n(j)) that

Lalle, = (an)le,
for all n > n(4). It follows from 6.3 that there is a unitary u(j,n) € B,, such that
Ly @ jn e, adu(j, n)o (hn @]n) on Fj.

In the proof of [6.7, we absorb j by applying 4.1.1 in [P3] (also (iii) in [Rod]). Here
we apply [ As in the proof of B, we have (z, € U(B,))

llad zy o (Ln(a) ® jn(a)) — Ln(a)|| — 0, as n — oo,
for all a € A. Similarly, there are unitaries v(j,n) € B,, such that
lladv(j,n) o (hn @ jn)(a) — hn(a)|] = 0, as n — oo.
Thus (with n > (n(j))" > n(j)) we have
Ly ~c; adw(j,n) o h, on Fj,

where w(j,n) is also a unitary.
Define wy = 1, ..., wyp1)—1 = 1, W54 = u(j,n(j) +i), 0 <i <n(j+1)—n(j)—1
and ¢, = ad w, o h,. Then, since U(;il Fj is dense in A, we conclude that

lim ||L,(a) — ¢n(a)|| =0 for all a € A.
n—oo
Finally define H(a) = {¢n(a)} for a € A. Then H : A — I°°({B,}) is a homomor-

phism. Moreover, 7 o H = h. We write H = {H,}, where each H, : A — B, ® K
is a homomorphism. Put p,, = H,,(14). Since ||p, — L,(14)|| — 0 (as n — oo) and
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L,(14) € By, there is a sequence of projections e, € B,, such that ||p, —en| — 0

as n — 0o. We obtain unitaries v,, € B, ® K such that
|l = 1] = 0 as n — 00,V ppvy =€, and  vpenvs =pn, n=1,2,....

Put H) (a) = v} Hy(a)vy, for a € Ayn=1,2,.... Then H)], : A — B,, is a homomor-
phism and

|H, — H|| — 0 as n — oo.

Therefore
lim ||L,(a) — H}(a)]| =0 for all a € A.
n—oo
Put H'(a) = {Hn(a)}. Then mo H' = h. O

Corollary 7.6. Let A be as in[7.3. Then A is api-weakly stable.
Proof. This follows from [(5] and [Z77 immediately. (]

The proof of the following is similar to the last part of the proof of [3.4]

Theorem 7.7. Let A be a unital separable simple amenable C*-algebra with finitely
generated K;(A) which satisfies the AUCT. Then A is weakly stable respect to B.

Proof. Let {B,} be a sequence of purely infinite simple amenable C*-algebra and
let h: A — goo({Bn}) be a homomorphism. Let ¢ = h(14). Then there exists a
projection Q € {*°({B,}) such that 7(Q) = p. Write Q = {p.}, where p, € B,
is a projection. There exists a subsequence {m(k)} such that p, # 0 if n = m(k)
for some k otherwise p, = 0. Let P : I*°({By}) — [*°({ Bys,r) }) be the projection
and P : qoo({Bn}) = oo ({ Bim(x)}) be the map induced by P (P maps co({By,}) to
Co({Bim(}))- Consider B = Poh : A — qoo({Bmr)})- Since A is simple, for any
a € Ay \ {0}, there are x1, ..., 2, € A such that

Zh’(mi)*h'(a)h'(xi) =1 (14).

For any b € qoo({Bn}) \ {0}, there is a sequence {b,} such that b, € (Bp)4,
[Ibn]l < ||0]] and 7({b,}) = b. Since B, is purely infinite and simple, there exists
Yn € By such that |ly,|| < [|bn|| < ||b]| such that

YrPnYn = by for all n.

In fact one can choose y, = 1p, znb%/Q, where z, is a partial isometry in Ms(B,,) so

that zpnzn, > 1p,. Let 7' 1 I°({Bmk)}) = doc ({Bm@})- Set y = ' ({yn}). Then
we have

Z y*hl(l‘i)*hl(a)hl(q;i)y = b.

This implies that h' is full. Therefore by there exists a homomorphism B
A — I°({Byr)}) such that «’ o b’ = h/. Write h' = {hy,,(1)}, where each hy, ) :
A — B,k is a homomorphism. Define h = {h,}, where h,, = Py if 1= m(k);
otherwise h,, = 0. Then we have 7o h=h. O
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Corollary 7.8. For any € > 0 there is § > 0 satisfying the following: for any
C*-algebra A € B, two unitaries u, v € A and an irrational number 6 such that

luv — e®vu|| <6,

there exist two unitaries u; and vy in A such that

0

wvy = e vug, lu—wu||<e and |jv—v| <e.

Proof. Let Ay be the irrational rotation C*-algebra which is generated by two
unitaries  and v with the relation uv = e®Tvu. We also know that K;(Ag) = Z®Z
as abelian groups. Furthermore Ay is a simple unital separable amenable C*-
algebra. Then the corollary follows from the fact that Ay is weakly stable with
respect to B. (I

8. DIRECT SUMS OF FINITELY GENERATED ABELIAN GROUPS

Proposition 8.1. Let G be a countable abelian group. Then the following are
equivalent:

(1) G = U, Gn, where G, C Gny1 and each G, is finitely generated and for
all n, there exists m(n) > n such that there is Yy, : G — Gy satisfying

(¢n)

(2) For any sequence of abelian groups F,, and any homomorphism h : G —

[, Fn/ B, Fy, there ezists ¥ : G — [[,2, F, such that k o ¢ = h, where
k:lloo Fo = Tloe Fu/ @D, Fy is the quotient map.

G, — ldGﬂ

Proof. (1) = (2). Let F,, be a sequence of abelian groups F, and let h : G —
[, Fn/ €D, F be a homomorphism.

For each j, it follows from [7J] that there exists a homomorphism ®; : G; —
[1,=, F, such that ko ®; = hlg,. We write ®; = {d)sl])}, where ¢ : Gj — F, is
a homomorphism. Let ¢, : G — G, () be given by (1).

Define n(1) = m(1). Since x o ®,(g9) = ko ®1(g) for all ¢ € Gy, there exists
n(2) > max{m(2),n(1)} such that

¢§7(2))|G1 = qbg:,n(l)) for all n' > n(2).
If n(k) is defined, find n(k + 1) > max{m(k + 1),n(k)} such that
¢(m(k+1))|0k = ¢§:,n(k)) for all n' > n(k+1).

Define s(1) = m(1),s(2) = m(1),...,s(n(2)) = m(2),..., s(k) = m(j), if n(j) < s <

n(j+1),j=1,2,.... Define 1(g) = {p{"* 0 ¢, (9)} for g € G.
To verify ko9 = h, we let g € G;. Then for all k > n(j),

UM 0wy (9) = M (9) = 0" (9)
for all g € G;. This implies that

roP(g) = h(g)
if g € G, for all j.

(2) = (1). Since G is countable, let {g,} be a set of generators and let G,, be
generated by g1, ..., gn. We write G = |J7—; G,,, where each G,, is finitely generated
and G, C Gpy1. Denote by 1, the homomorphism from G,, to HZO:1 G, and by
w(g) = (0,..,0,9,9,...,9,...) (there are n — 1 zero’s) for ¢ € G,. This gives a
homomorphism h: G — [[77, G,/ @, Gn.

n=1
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Condition (2) gives a homomorphism v : G — [[°2, G, such that ko = h.
Write ¢ = {1y, }, where ¢,, : G — G, is a homomorphism. For each j, there is m(j)
such that

Um(g) =g for all m > m(y).
This implies (1). O

Corollary 8.2. Let F, Fy, ..., Fx, be k countable abelian groups which satisfy one
of the conditions in[811 Then the conclusion of [7.2 holds.

Proposition 8.3. Let G be a countable abelian group. Then G satisfies one of the
conditions in[81 if and only if it is a direct sum of finitely generated abelian groups.

Proof. Let G = @, Gn, where each G,, is a finitely generated abelian group. It
is easy to see that G satisfies condition (1) in RI.

To see the converse, we apply (1) in BTl Write G = |J,; G, as in (1) in R
Define a homomorphism ¥ : G — @, Gu(n) by ¥(9) = @,—; ¥n(g) for g € G.
It is a homomorphism. For any g € G,,, ¥, (g9) = g (by (1) inBI) which implies that
U is injective. Thus G is isomorphic to a subgroup of the direct sum @20:1 Gm(n)-
It follows from 18.1 in [F] that G is also a direct sum of cyclic groups. Hence G is
a direct sum of finitely generated abelian groups. O

Theorem 8.4. Let A be a unital separable amenable C*-algebra such that Ko(A)
or K1(A) is not a direct sum of finitely generated groups. Suppose that A =
limy, oo (An, fn), where each A, is a unital separable amenable C*-algebra with
finitely generated K;(A,) (i =0,1). Then

(1) A is not weakly semiprojective with respect to B,

(2) A is not weakly stable with respect to B,

(3) A is not apf-weakly semiprojective with respect to B and

(4) A is not api-weakly stable with respect to B.

Proof. 1t follows from 2.7 and B4l that it suffices to show that A is not api-weakly
stable with respect to B.

Denote by fn.m (m > n) and fy o the homomorphisms from A,, to A,, and from
A, to A induced by the inductive limit, respectively. Let Gy, ; = (fn,00) (Ki(A4p)).
Then each G, ; is finitely generated. It follows from [Ro2| that there is a separable
amenable purely infinite simple C*-algebra B, such that K;(B,,) = Gy ;. It follows
from [6:4] and [G.5] that there is a monomorphism h,, : A, — B,, such that (h, )« =
(fn,o0)sis @ = 0,1. Let {F,} be an increasing sequence of finite subsets of A such
that 7, C A, and |J,, F, is dense in A. Since both A,, and B,, are amenable, there
exists a contractive completely positive linear map ¢, : A — B, such that

[¢n(a) = hn(a)] < 1/27

for all @ € F,. Define L : A — [[,7,1°({Bn}) by L(a) = {¢n(a)} for a € A.
It is easy to see that h = m o L is a homomorphism from A to ¢ ({Bn}), where
7 1®({Br}) — ¢oo({Br}) is the quotient map.
For each n, there is k(n) such that [¢m, o fn m]
frm] = (fn,c0)si for m > Ek(n) and i =0, 1.
We note that for each j, there is m(j)" such that

lhn(a)|| > (1/2)||la|| for all a € F;

Ki(A,) is well defined and [¢,, o
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if n > m(j)’. If A were api-weakly stable, then there would be an integer m(j) >
m(j)" and a homomorphism ggj ). A — A, such that

g\ ~1/j hn on Fj
for all a € F;. Define

Un(a) = gl if m(G) <n<m(j+1),

j=1,2,..., and define ¥ : A — [*°({A,}) by ¥(a) = {¢»(a)} for all a« € A. Then

Yn ~1/5 hn on Fj
for all n > m(j) and j = 1,2,.... Thus

[¢n(a) = hn(a)| — 0 as n — oo

for all a € A. Hence, for any fix n, there is K(n) > k(n) such that

(wm o fn,oo)*i = (fn,oo)*i
for all m > K(n) and ¢,= 0,1, where we also identify K,(B,) with G ;. This
implies that
(wm)*l Gni — idGn,i'

We also have K;(A) = Uf;’:l Gr,i; and G, ; is finitely generated. Now (1)« gives
a homomorphism from K;(A) to G, ; such that (¢m,)sila,, = idg, ;. Therefore
K;(A) is a direct sum of finitely generated abelian groups (see B3)). We reach a
contradiction. O

Theorem 8.5. Let A be a separable unital simple amenable C*-algebra satisfying
the AUCT. Suppose that K;(A) is a direct sum of finitely generated groups with
finite torsion for i = 0,1. Then A is weakly semiprojective with respect to B.

Proof. Since torsion part of K,(A) is finite, as in the proof of [.B] we note that (by
2.11 in [DLI]) there is kg > 0 such that

Homa(K(A),K(C)) = Homp (Fp, K(A), Fr,, K(C))

for all o-unital C*-algebra C. In the proof of [l we also use the fact that K;(A)
is finitely generated so that we can apply [(.2. Here we apply B.2. The rest of the
proof is exactly the same as that of [Al O

Corollary 8.6. Let A be a separable simple unital AF-algebra. Then A is weakly
semiprojective with respect to B if and only if Ko(A) is free.

Proof. Note that Ki(A) = 0 and Ky(A) is torsion free. So the corollary follows
from 8.5l O

Example 8.7. Let Q be the UHF-algebra with Ko(Q) = Q. Then by B Q is not
weakly semiprojective with respect to B. In fact, one can easily show, from the
proof of this section, that @ is not weakly semiprojective with respect to O. In
fact, any non-elementary matroid C*-algebra A is not weakly semiprojective with
respect to O, since its Ky(A) is a dense subgroup of Q, which is not free.

On the other hand, if A is a simple AF-algebra with Ko(A) = Z + Z+/2, then
A is weakly semiprojective with respect to B since Ko(A) & Z @ Z as an abelian

group.
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