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A SEPARABLE BROWN-DOUGLAS-FILLMORE THEOREM
AND WEAK STABILITY

HUAXIN LIN

Abstract. We give a separable Brown-Douglas-Fillmore theorem. Let A be
a separable amenable C∗-algebra which satisfies the approximate UCT, B be
a unital separable amenable purely infinite simple C∗-algebra and h1, h2 :
A → B be two monomorphisms. We show that h1 and h2 are approximately
unitarily equivalent if and only if [h1] = [h2] in KL(A,B). We prove that,
for any ε > 0 and any finite subset F ⊂ A, there exist δ > 0 and a finite
subset G ⊂ A satisfying the following: for any amenable purely infinite simple
C∗-algebra B and for any contractive positive linear map L : A→ B such that

‖L(ab) − L(a)L(b)‖ < δ and ‖L(a)‖ ≥ (1/2)‖a‖
for all a ∈ G, there exists a homomorphism h : A→ B such that

‖h(a) − L(a)‖ < ε for all a ∈ F
provided, in addition, that Ki(A) are finitely generated. We also show that ev-
ery separable amenable simple C∗-algebra A with finitely generated K-theory
which is in the so-called bootstrap class is weakly stable with respect to the
class of amenable purely infinite simple C∗-algebras. As an application, re-
lated to perturbations in the rotation C∗-algebras studied by U. Haagerup and
M. Rørdam, we show that for any irrational number θ and any ε > 0 there is
δ > 0 such that in any unital amenable purely infinite simple C∗-algebra B if

‖uv − eiθπvu‖ < δ

for a pair of unitaries, then there exists a pair of unitaries u1 and v1 in B such
that

u1v1 = eiθπv1u1, ‖u1 − u‖ < ε and ‖v1 − v‖ < ε.

1. Introduction

The Brown-Douglas-Fillmore theorem of classification of essentially normal op-
erators ([BDF]) is a milestone in both operator theory and operator algebras. One
may regard the BDF-theory as a classification of homomorphisms from C(X) into
the Calkin algebra. As in topology, where the study of continuous maps from one
space to another is fundamentally important, the study of homomorphisms from
one C∗-algebra to another is also very important. The Calkin algebra is a special
non-separable purely infinite simple C∗-algebra. It turns out that it is both inter-
esting and important to study homomorphisms (monomorphisms) from a separable
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C∗-algebra to a (separable ) purely infinite simple C∗-algebra. In fact, the clas-
sification theorem of Kirchberg and Phillips for separable amenable purely infinite
simple C∗-algebras can be regarded as a result of classification of homomorphisms
from one separable amenable purely infinite simple C∗-algebra to another.

In this paper, we will study maps from separable amenable C∗-algebras to
amenable purely infinite simple C∗-algebras. Combining a uniqueness theorem
of the author with the methods of N. C. Phillips in [P3] and results in [KP], we
prove the following classification of injective homomorphisms: Let A be a unital
separable amenable C∗-algebra which satisfies the approximate UCT (something
weaker than UCT) and let B be a unital separable amenable purely infinite simple
C∗-algebra. Suppose that h1, h2 : A → B are two unital monomorphisms. Then
there exists a sequence of unitaries un ∈ B such that

lim
n→∞

‖adun ◦ h1(a)− h2(a)‖ = 0

for all a ∈ A if and only if [h1] = [h2] in KL(A,B). Moreover, we also show that
every element in KL(A,B) can be represented by a homomorphism. When both
K0(A) and K1(A) are torsion free, the above says that two monomorphisms are
approximately unitarily equivalent if they induce the same map on K0(A) and
K1(A). This may be viewed as a separable and non-commutative version of the
classical BDF-theorem.

It was shown in [Ln1] that for any ε > 0 there exists δ > 0 such that for any
pair of unitaries u and v in a purely infinite simple C∗-algebra B satisfying

‖uv − vu‖ < δ

there exists a commuting pair of unitaries w and z in B such that

‖u− w‖ < ε and ‖v − z‖ < ε.

Related problems in perturbation of rotation C∗-algebras and the Heisenberg com-
mutation relation were also studied in [HR] by U. Haagerup and M. Rørdam. A
closely-related question was raised. Let θ be an irrational number. Suppose that
there is a pair of unitaries u and v in B such that uv 6= eiθπvu but ‖uv − eiθπvu‖
is small. Does there exist a pair of unitaries w and z in B which has the rotation
property that wz = eiθπzw and ‖w − u‖ and ‖z − v‖ are small? We will answer
this question affirmatively.

We study a much more general problem. Let B be the class of amenable purely
infinite simple C∗-algebras and let A be a unital separable amenable C∗-algebra.
We study the following problem: Which separable amenable C∗-algebras are weakly
stable (see 2.2) with respect to B? In other words, we want to know when A satisfies
the following: For any ε > 0 and any finite subset F ⊂ A, is there δ > 0 and a
finite subset G ⊂ A such that for any contractive positive linear map L : A → B
for any B ∈ B which satisfies

‖L(ab)− L(a)L(b)‖ < δ for all a ∈ G
there exists a homomorphism h : A→ B such that

‖h(a)− L(a)‖ < ε for all a ∈ F?

We find that the last question is closely related to the classification of homo-
morphisms from A to B. To avoid complication caused by quotients of A and to
simplify the terminology, one may assume L to be “approximately injective”. For
example, we may further assume that ‖L(a)‖ ≥ (1/2)‖a‖ for all a ∈ G. With this
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additional restriction, we prove that any unital separable amenable C∗-algebra A
which satisfy the approximate UCT and have finitely generated Ki(A) (i = 0, 1) are
(approximately injective) weakly stable with respect to the class B. To remove this
additional “approximately injective” condition, we show that any unital separable
amenable simple C∗-algebras which satisfy the AUCT and have finitely generated
Ki(A) (i = 0, 1) are in fact weakly stable with respect to B. Since irrational rota-
tion C∗-algebras are simple, this result gives an affirmative answer to the question
about perturbation of rotation C∗-algebras mentioned above.

(Relative) weakly stable C∗-algebras and (relative) weakly semiprojective C∗-
algebras have been studied before. A nice treatment can be found in T. Loring’s
book [Lo3]. However, very few finite separable amenable C∗-algebras are known
to be (relative) weakly stable or weakly semiprojective. In this sense, the results
obtained in this paper (7.5, 7.6, 7.7 and 7.8) are somewhat unexpected.

The condition that Ki(A) are finitely generated is not necessary regarding the
problem about relative weakly stability of the unital separable amenable C∗-alge-
bras. For example, for most cases, the results about weakly stability hold when
Ki(A) are direct sums of finitely generated abelian groups. However, it is not
possible to proceed further from here. To be any form of weakly stable (or weakly
semiprojective), Ki(A) has to be a direct sum of finitely generated abelian groups.
In particular, we show that no UHF-algebras are weakly stable with respect to B.

The paper is organized as follows. Section 2 lists some of the notation and con-
ventions that are used in the paper. Section 3 is devoted to the study of maps to O2.
It is shown that all separable amenable C∗-algebras are “approximately injective”
weakly stable with respect to O2 and all separable amenable simple C∗-algebras are
weakly semiprojective with respect to O2. We give some preliminary results about
approximately multiplicative sequences of contractive completely positive linear
maps in section 4. In section 5 we give a sequential version of Phillips’s results on
asymptotic morphisms. In section 6, we give the classification of monomorphisms
from a separable amenable C∗-algebras to separable amenable purely infinite sim-
ple C∗-algebras. We study the weak stability of separable amenable C∗-algebras
in section 7. We also present one of the main theorems on weak stability there. In
the last section, we show that for every (pf) weakly stable C∗-algebra A, K∗(A)
must be a countable direct sum of finitely generated abelian groups.

2. Preliminaries

We will use the following conventions:
Let A and B be C∗-algebras and φ, ψ : A → B be two maps. Let ε > 0 and

F ⊂ A.
(1) We write

φ ≈ε ψ on F
if

‖φ(a)− ψ(a)‖ < ε for all a ∈ F .
(2) We write

φ
u∼ε ψ on F

if there is a unitary U in B (or in B̃ if B is not unital) such that

‖adU ◦ φ(a)− ψ(a)‖ < ε for all a ∈ F .
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(3) We write
φ
u∼ ψ

if there exists a sequence of unitaries {un} in B (or in B̃ if B is not unital) such
that

lim
n→∞

‖adun ◦ φ(a) − ψ(a)‖ = 0

for all a ∈ A.
(4) Let {Bn} be a sequence of C∗-algebras. We will use the following notation:

c0({Bn}) =
⊕∞

n=1 Bn, l
∞({Bn}) =

∏∞
n=1Bn and q∞({Bn})= l∞({Bn})/c0({Bn}).

For the case in which Bn = B for all n, we will use c0(B) for c0({Bn}), l∞(B) for
l∞({Bn}) and q∞(B) for q∞({Bn}), respectively.

(5) A linear map L : A→ B is said to be full if the ideal generated by L(a) is B
for any non-zero a ∈ A.

(6) Let A be a C∗-algebra. We denote by dn : A → Mn(A) the map defined by
dn(a) = diag(a, a, ..., a), where a ∈ A is repeated n times on the diagonal.

(7) Let L : A→ B be a linear map, let G be a subset of A and let ε > 0. We say
L is G-ε-multiplicative if

‖L(ab)− L(a)L(b)‖ < ε for all a and b ∈ G.
Definition 2.1. Let A and B be two C∗-algebras. Recall that a contractive com-
pletely positive linear map φ : A → B is amenable if for any ε > 0 and any
finite subset F ⊂ A, there exist two contractive completely positive linear maps
L1 : A→Mk (for some integer k > 0) and L2 : Mk → B such that

φ ≈ε L2 ◦ L1 on F .
Recall that a C∗-algebra is said to be amenable if idA is amenable.

Definition 2.2. Fix a class of C∗-algebras D. Let A be a separable amenable C∗-
algebra. We say A is weakly stable with respect to D if, for any ε > 0 and any finite
subset F ⊂ A, there exists δ > 0 and a finite subset G ⊂ A satisfying the following:
for any B ∈ D and any positive linear contraction L : A → B which is G-δ-
multiplicative, there exists a homomorphism h : A→ B such that

h ≈ε L on F .
It should be noted that here δ and G depend only on ε and F . They do not

depend on B.

Definition 2.3. Fix a class of C∗-algebras D. Let A be a separable amenable
C∗-algebra. We say that A is weakly semiprojective with respect to D, if for
any sequence Bn ∈ D and a homomorphism φ : A → q∞({Bn}), there exists a
homomorphism h : A → l∞({Bn}) such that π ◦ h = φ, where π : l∞({Bn}) →
q∞({Bn}) is the quotient map.

This definition can be found in T. Loring’s book [Lo3] with a slight modification.

Theorem 2.4 (cf. 19.1.3 in [Lo3]). Let D be a class of C∗-algebras and let A be
a separable amenable C∗-algebra. Then A is weakly stable with respect to D if and
only if it is weakly semiprojective with respect to D.

Proof. Suppose that A is weakly stable with respect to D. Let {Bn} be a sequence
of C∗-algebras in D and let φ : A→ q∞({Bn}) be a homomorphism. Suppose that
{Fn} is an increasing sequence of finite subsets of A such that

⋃
n Fn is dense in

A. Let {Gn} be finite subsets of A and δn > 0 satisfying the following: for any
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Gn-δn-multiplicative contractive completely positive linear map L : A → B (for
any B ∈ D) there exists a homomorphism φ : A → B such that φ ≈1/n L on Fn.
Since A is amenable, by [CE], there exists a contractive completely positive linear
map Φ : A → l∞({Bn}) such that π ◦ Φ = φ, where π : l∞({Bn})→ q∞({Bn}) is
the quotient map. Write Φ = {Ln}, where Ln : A→ Bn is a contractive completely
positive linear map. Then

lim
n→∞

‖Ln(ab)− Ln(a)Ln(b)‖ = 0 for all a, b ∈ A.

There is, for each k, an integer n(k) such that n(k + 1) > n(k) and

‖Ln(ab)− Ln(a)Ln(b)‖ < δk for all a, b ∈ Gk and n(k) < n.

By the choice of Gn and δn, we obtain homomorphisms hn : A→ Bn such that

‖Ln(a)− hn(a)‖ < 1/k for k(n) < n ≤ n(k + 1).

Define h = {hn}. Then π ◦ h = φ. Thus A is weakly semiprojective with respect to
D.

Now we assume that A is weakly semiprojective with respect to D and is not
weakly stable. Thus, for some ε0 > 0 and some finite subset F0 ⊂ A, there
exists a sequence of Bn ∈ D and a sequence of Fn-1/2n-multiplicative contractive
completely positive linear maps Ln : A→ Bn such that

lim
n→∞

‖Ln(ab)− Ln(a)Ln(b)‖ = 0 for all a, b ∈ A

and
inf{sup{‖Ln(a)− h(a)‖ : a ∈ F0}} ≥ ε0/2,

where the infimum is taken among all homomorphisms h from A into Bn. Let
L : A → l∞({Bn}) be defined by L = {Ln} and π : l∞({Bn}) → q∞({Bn}) be
the quotient map. Note that φ = π ◦ L : A → q∞({Bn}) is a homomorphism.
Since A is weakly semiprojective with respect to D, there is a homomorphism
h : A → l∞({Bn}) such that π ◦ h = φ. Write h = {hn}, where hn : A → Bn is a
homomorphism. Then

lim
n→∞

‖Ln(a)− hn(a)‖ = 0

for all a ∈ A. This contradicts the assumption that

inf{sup{‖Ln(a)− h(a)‖ : a ∈ F0}} ≥ ε0/2.

Therefore A is weakly stable with respect to D. �

In what follows, we will not distinguish weakly stable from weakly semiprojective
(with respect to D).

Definition 2.5. Fix a class of C∗-algebras D. Let A be a separable amenable C∗-
algebra. A is said to be api-weakly stable with respect to D, if for any ε > 0 and
any finite subset F ⊂ A, there exists δ > 0 and a finite subset G ⊂ A satisfying the
following:
For any B ∈ D and any positive linear contraction L : A → B which is G-δ-
multiplicative such that ‖L(a)‖ ≥ (1/2)‖a‖ for all a ∈ G, there exists a homomor-
phism h : A→ B such that

h ≈ε L on F .
(Here “api” stands for approximately injective.)
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Definition 2.6. Let A be a separable amenable C∗-algebra. A is said to be apf-
weakly semiprojective with respect to D, if for any sequence {Bn} in D and any
full homomorphism h : A → q∞({Bn}), there exists a homomorphism ψ : A →
l∞({Bn}) such that π ◦ ψ = h.

Here “apf” stands for approximately full. One may state this in the form of
“apf-weakly stable” (see 5.8 and 5.9 in [Ln10]).

We conclude this section with the following theorem.

Theorem 2.7. Let A be a separable unital amenable C∗-algebra and let D be a
class of purely infinite simple C∗-algebras. Then A is api-weakly stable with respect
to D if A is apf-weakly semiprojective with respect to D.

Proof. Let {Fn} be an increasing sequence of finite subsets of the unit ball of A
such that

⋃∞
n=1 Fn is dense in the unit ball of A. We may further assume that⋃∞

n=1(A+ ∩ Fn) is also dense in the set of positive element in the unit ball of A.
Suppose the theorem is false. This means that for some ε0 > 0 and some finite

subset F0 ⊂ A in the unit ball, there exists a sequence of C∗-algebras Bn in D and
a sequence {φn} of Fn-1/n-multiplicative positive linear contractions from A to Bn
with ‖φn(a)‖ ≥ 1/2‖a‖ for all a ∈ Fn such that

sup
n
{max{‖φn(a)− hn(a)‖ : a ∈ F0} ≥ ε0

for any sequence of homomorphisms hn : A → Bn. Define Φ : A → l∞({Bn}) by
Φ(a) = {φn(a)} and define φ : A→ q∞({Bn}) by φ(a) = π ◦ Φ(a) for a ∈ A. Then
φ is a homomorphism. We claim that φ is full. In fact, for any a ∈ A+ \ {0} with
‖a‖ = 1, there is b ∈ Fm ∩A+ for some m such that

‖b− a‖ < (1/8)‖a‖ = 1/8.

Let bn = φn(b). Then ‖bn‖ ≥ (1/2)‖b‖ ≥ 3/8. Since Bn has real rank zero (see
[Zh3]), it follows from Lemma 6.4 in [Ln10] that there exists a non-zero projection
en ∈ Bn such that bn ≥ (3/8)en. In Bn, there exists a partial isometry vn ∈ Bn
such that

v∗nenvn = 1.

Thus we obtain an element zn ∈ Bn such that ‖zn‖ < 16/3 and

z∗nφn(a)zn = 1 n = 1, 2, ....

Set Z = {zn} and z = π(Z). Then we have

z∗φ(a)z = 1

in q∞({Bn}). By the assumption, there exists a homomorphism h̃ : A→ l∞({Bn})
such that π ◦ h̃ = φ. Write h̃ = {hn}. Then we have

‖φn(a)− hn(a)‖ → 0 as n→∞

for all a ∈ A. This gives a contradiction. �
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3. Maps to O2

Lemma 3.1. Let A be a separable unital C∗-algebra, let B be a purely infinite
simple C∗-algebra and let h : A → B be a unital monomorphism. Suppose that
φ : A → B is an amenable completely positive linear map. Then, for any finite
subset F ⊂ A and ε > 0, there is an isometry s ∈ B such that

‖s∗h(a)s− φ(a)‖ < ε for all a ∈ F .

Proof. Set A0 = h(A). Let ψ = φ ◦ h−1 : A0 → B. Since φ is amenable, so is ψ.
Fix F and ε > 0, it is well known that there is completely positive linear map
ψ̄ : B → B such that ‖ψ̄‖ = ‖ψ‖ and

‖ψ̄(b)− ψ(b)‖ < ε/2 for all a ∈ F1,

where F1 = {h(a) : a ∈ F} (see for example 2.3.13 in [Ln7]). It follows from
Proposition 1.7 in [KP] that there is an isometry s ∈ B such that

‖s∗bs− ψ̄(b)‖ < ε/2 for b ∈ F1.

Therefore

‖s∗h(a)s− φ(a)‖ ≤ ‖s∗h(a)s− ψ̄(h(a))‖ + ‖ψ̄(h(a))− φ(a)‖ < ε/2 + ε/2 = ε

for all a ∈ F . �
Lemma 3.2. Let n > 0 be an integer. Then there is an isometry S ∈Mn(q∞(O2))
with S∗S = 1n and SS∗ = 1 satisfying the following: For any separable subspace
E ⊂ q∞(O2), there are unitaries uk ∈ q∞(O2) such that

Sdn(a)S∗ = lim
k→∞

u∗kauk

for all a ∈ E.

Proof. There is an isometry s ∈Mn(O2) such that

s∗s = 1n and ss∗ = 1.

Define d′n(a) = diag(a, ..., a) for a ∈ O2 which maps O2 to Mn(O2). Then sd′n(a)s∗

(for a ∈ O2) is a homomorphism. It follows [Ro1] that there are unitaries vk ∈ O2

such that
sd′n(a)s∗ = lim

k→∞
v∗kavk

for all a ∈ O2. Define S′ = (s, s, ..., s, ...). So S′ ∈ Mn(l∞(O2)) is an isometry. Let
F = π−1(E), where π : l∞(O2)→ q∞(O2) is the quotient map. Since both E and⊕∞

n=1O2 are separable, F is separable. Let {fk} be a dense sequence of F. For
each k, write fk = (fk,1, fk,2, ..., fk,m, ...), where fk,m ∈ O2, m, k = 1, 2, .... For each
k and m there exists vk,m such that

‖sdn(fi,m)s∗ − v∗k,mfi,mvk,m‖ < 1/2k

for i = 1, 2, ..., k and m = 1, 2, .... Put Uk = (vk,1, vk,2, ...vk,m, ...) ∈ l∞(O2). Note
that Uk is a unitary. Then we have

S′d′′n(a)(S′)∗ = lim
k→∞

U∗kaUk

for all a ∈ F, where d′′n : l∞(O2)→Mn(l∞(O2) is defined by d′′n(a) = diag(a, ..., a).
Now set S = π(S′) and uk = π(Uk), k = 1, 2, .... We conclude that

Sdn(a)S∗ = lim
k→∞

u∗kauk for all a ∈ E. �
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Lemma 3.3. Let A be a unital separable C∗-algebra and h : A → q∞(O2) be a
unital full monomorphism. Suppose that ψ : A → q∞(O2) is a unital amenable
completely positive linear map. Then there exists a sequence of isometries sn ∈
q∞(O2) such that

‖s∗nh(a)sn − ψ(a)‖ → 0 as n→∞
for all a ∈ A.

Proof. Let F be a finite subset of A which contains the identity of A. It suffices to
show that, for any 1/2 > ε > 0, there exists an isometry T ∈ q∞(O2) such that

T ∗hT ≈ε ψ on F .
Let ε/4 > δ > 0. Since h is full, by 5.4.1 in [Ln7], there is an integer n > 0 and
contraction S ∈Mn(q∞(O2)) such that

adS∗1 ◦ dn ◦ h ≈δ ψ on F .
Since 1A ∈ F and ψ is unital, we have

‖S1S
∗
1 − 1q∞(O2)‖ < δ.

Let S = (S1S
∗
1 )−1/2S1. Then SS∗ = 1. With a sufficiently small δ, we have

adS∗ ◦ dn ◦ h ≈ε/2 ψ on F .
It follows from 3.2 that there exists an isometry V ∈ q∞(O2) with V ∗V = 1n and
V V ∗ = 1 such that

adV ∗ ◦ dn ◦ h ≈ε/2 h on F .
Then

dn ◦ h ≈ε/2 adV ◦ h on F .
Hence

ad (SV ∗)∗h ≈ε/2 adS∗ ◦ dn ◦ h ≈ε/2 ψ on F .
Put T = V S∗. Then T ∗T = (V S∗)∗(V S∗) = S(V ∗V )S∗ = SS∗ = 1. So T is an
isometry in q∞(O2). �

One should compare the following with Lemma 2.2 in [KP]. The point of the
following lemma is that the lifting map can be chosen as a monomorphism.

Theorem 3.4. Let A be a separable unital exact C∗-algebra and suppose that there
is a unital full monomorphism h : A → q∞(O2) with a unital, completely positive
lift ψ : A→ l∞(O2), i.e., the diagram

l∞(O2)
ψ ↗ ↓ π

A
h−→ q∞(O2)

commutes. Then there is a unital monomorphism h̃ : A → l∞(O2) such that
π ◦ h̃ = h, i.e., the diagram

l∞(O2)
h̃↗ ↓ π

A
h−→ q∞(O2)

commutes.
Moreover, if, in addition, A is assumed to be simple, the above also holds without

assuming h is full.
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Proof. We first prove the case in which h is full.
Write ψ(a) = (ψ1(a), ψ2(a), ...), where ψk : A → O2 are unital completely

positive linear maps. It follows from 2.8 in [KP] that there is unital embedding
j0 : A → O2. Let J0(a) = (j0(a), j0(a), ...) for a ∈ A. Let J = π ◦ J0, where
π : l∞(O2) → q∞(O2) is the quotient map. It is easy to check that J is full. It
follows from 3.2 that there is a sequence of isometries sn, tn ∈ q∞(O2) such that

‖s∗nh(a)sn − J(a)‖ → 0 and ‖t∗nJ(a)tn − h(a)‖ → 0

as n→∞ for all a ∈ A.
Let ı : O2 → O2 ⊗ O2 be given by ı(x) = x ⊗ 1 and let λ : O2 ⊗ O2 →

O2 be an isomorphism. The existence of such λ is given by [Ro3]. Define ı̃ :
l∞(O2) → l∞(O2 ⊗ O2) by ı̃((a1, a2, ...)) = (ı(a1), ı(a2), ...) for a ∈ O2 and define
λ̃ : l∞(O2 ⊗ O2) → l∞(O2) by λ̃((a1, a2, ...)) = (λ(a1), λ(a2), ...) for a ∈ A. It
follows from [Ro1] that

λ ◦ ı u∼ idO2 .

Since A is separable, so are ψ(A) and J0(A). Thus we have

λ̃ ◦ ı̃ ◦ ψ u∼ ψ and λ̃ ◦ ı̃ ◦ J0
u∼ J0.

Since ı̃ maps c0(O2) into c0(O2⊗O2) and λ̃ maps c0(O2⊗O2) onto c0(O2), we obtain
two induced maps ı̄ : q∞(O2)→ q∞(O2 ⊗O2) and λ̄ : q∞(O2 ⊗O2)→ q∞(O2). It
is easy to check that both maps are injective. Since λ̃ is surjective, so is λ̄, whence
λ̄ is an isomorphism. With the notation above, from above, we have

λ̄ ◦ ı̄ ◦ h u∼ h and λ̄ ◦ ı̄ ◦ J u∼ J.
Let C = {{1⊗ an} : {an} ∈ l∞(O2)}. Then every element in λ̄(C) commutes with
λ̄◦ ı̄(q∞(O2)). Define j : O2 → C by j(a) = (1⊗a, 1⊗a, ...). Then π◦j : O2 → λ̄(C)
is a unital embedding. It follows from Lemma 6.3.7 in [Ro4] that

λ̄ ◦ ı̄ ◦ h u∼ λ̄ ◦ ı̄ ◦ J u∼ J.
Hence

h
u∼ J.

Let {ak} be a dense sequence of A. We obtain a sequence of unitaries {Uk} in
q∞(O2) such that

‖h(ai)− U∗kJ(ai)Uk‖ < 1/2k, i = 1, 2, ..., k.

There is, for each k, a sequence of unitaries u(n, k) ∈ O2 such that {u(n, k)} = Uk.
For each k, from the above inequality, we obtain m(k) such that

‖ψn(ai)− u(n, k)∗j0(ai)u(n, k)‖ < 1/2k, i = 1, 2, ..., k,

for all n ≥ m(k). Then, for any i,

lim
n→∞

‖ψn(ai)− u(m(n), n)∗j0(ai)u(m(n), n)‖ = 0.

Since {ak} is dense in A, we have

lim
n→∞

‖ψn(a)− u(m(n), n)∗j0(a)u(m(n), n)‖ = 0

for all a ∈ A. Define h̃(a) = {adu(m(n), n)◦j0(a)} for a ∈ A. Then h̃ : A→ l∞(O2)
is an injective homomorphism and π ◦ h̃ = h.

Now we consider the case in which A is a separable unital simple exactC∗-algebra
and h is not assumed to be full. Let p ∈ q∞(O2) such that h(1A) = p. There is a
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projection P = {pn} ∈ l∞(O2) such that π(P ) = p. Let {nk} be the subsequence
of N such that pnk 6= 0 and pm = 0 if m 6= nk for any k. Let Q = {qn} ∈ l∞(O2)
be a projection such that qm = 1 if m = nk for some k otherwise qm = 0. Put
l∞{nk}(O2) = Ql∞(O2)Q and π(Ql∞(O2)Q) = q

({nk})
∞ (O2). We may view h as a

homomorphism from A to q({nk})
∞ (O2). We now claim that h is full in q({nk})

∞ (O2).
For any a ∈ A+ \ {0}, there are x1, ..., xk in A such that

k∑
i=1

x∗i axi = 1A.

Thus
k∑
i=1

h(xi)∗h(a)h(xi) = p.

In O2, there are partial isometries vk, such that v∗kpnkvk = 1. Set V = {vnk} and
w = π(V ). Then we have

k∑
i=1

w∗h(xi)h(a)h(xi)w = 1

in q
({nk})
∞ (O2). This proves that h is full in q

({nk})
∞ (O2). It now follows from what

we have proved that there is a homomorphism h̃′ : A → l∞{nk}(O2) such that

π ◦ h̃′ = h. Write h̃′ = {hnk}, where each hnk is a homomorphism from A to O2.

We now define h̃ : A → l∞(O2) by h̃ = {hm}, where hm = hnk if m = nk and
hm = 0 otherwise. �

Corollary 3.5. Let A be a unital separable simple amenable C∗-algebra. Then A
is weakly semiprojective with respect to O2.

Corollary 3.6. Let A be a unital separable amenable C∗-algebra. Then A is api-
weakly stable with respect to O2.

Proof. This follows from Theorem 2.7 and Theorem 3.4. �

4. Approximately multiplicative maps

Definition 4.1. Let A and B be two C∗-algebras and let ψn : A→ B be a sequence
of maps from A to B. We say that {ψn} is approximately linear if

lim
n→∞

‖[αψn(a) + βψn(b)]− ψn(αa+ βb)‖ = 0 for all a, b ∈ A and α, β ∈ C,

is approximately selfadjoint if

lim
n→∞

‖ψn(a∗)− ψn(a)∗‖ = 0 for all a, b ∈ A

and is approximately multiplicative if

lim
n→∞

‖ψn(a)ψn(b)− ψn(ab)‖ = 0 for all a, b ∈ A,

respectively.

Definition 4.2. Let φn, ψn : A→ B be two sequences of maps. We say that {φn}
and {ψn} are approximately equal if

lim
n→∞

‖φn(a)− ψn(a)‖ = 0 for all a ∈ A.
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We say {φn} and {ψn} are approximately unitarily equivalent if there exists a se-
quence of unitaries {un} in B̃ such that

lim
n→∞

‖adun ◦ φn(a)− ψn(a)‖ = 0

for all a ∈ A.
We say two sequences {φn} and {ψn} (of approximately multiplicative (amenable)

contractive completely positive linear maps) are homotopic if there is a sequence
Fn : A→ C([0, 1], B) (of approximately multiplicative (amenable) contractive com-
pletely positive linear maps) such that {δ0 ◦Fn} and {φn} are approximately equal
and {δ1 ◦ Fn} and {ψn} are approximately equal, where δ0, δ1 : C([0, 1], B) → B
are the point-evaluation at 0 and 1, respectively.

Definition 4.3. Let D be a σ-unital C∗-algebra. We say D satisfies condition (P)
if there is a full embedding from O2 to D ⊗K.

The following lemma follows from 1.13 in [KP].

Lemma 4.4. Let A be a separable unital exact C∗-algebra and let D be a C∗-
algebra satisfying property (P). Let j : O2 → D ⊗ K be the full embedding and let
h1, h2 : A→ D⊗K be two injective homomorphisms such that there are ψi : A→ O2

with hi = j ◦ ψi, i = 1, 2. Then h1 and h2 are approximately unitarily equivalent.

Proof. Since j : O2 → D⊗K is a full embedding, e = j(1O2) is a full projection. It
follows from [Br1] that eDe⊗ K ∼= D ⊗ K. Therefore there is full embedding from
O2 ⊗ K into D ⊗ K. We may view both ψ1 and ψ2 maps A into O2. Thus there is
a unitary u ∈ Õ2 ⊗K ⊂ D̃ ⊗K such that

u∗φ1(1O2)u = φ2(1O2).

Thus we may assume that both φ1 and φ2 are unital. We can then apply 1.13 in
[KP]. �

Theorem 4.5. Let A be a separable unital exact C∗-algebra and {φn} be a sequence
of approximately multiplicative amenable contractive completely positive linear maps
from A to D ⊗ K, where D satisfies property (P). Let j : A→ O2 ⊂ D ⊗K be the
embedding given by 2.8 in [KP] and given by property (P). Then there is a sequence
of approximately multiplicative amenable contractive completely positive linear maps
{φ̄n} from A to D ⊗ K such that there is a sequence of unitaries un ∈ D̃ ⊗K
satisfying

‖(φn ⊕ φ̄n)(a)− u∗nj(a)un‖ → 0 as n→∞
for all a ∈ A.

Proof. To simplify notation, without loss of generality, we may assume that φn(1A)
= en are projections in D ⊗ K. We identify O2 with its image given by property
(P). It follows from [KP] that there is an embedding j : A → O2. By replacing
{φn} by {φn ⊕ j}, we may assume that {φn} are full. Let F1 ⊂ F2, ... be an
increasing sequence of finite subsets of A such that its union is dense in A. We may
assume that 1A ∈ F1. Let εn be a decreasing sequence of positive numbers such
that limn→∞ εn = 0. It follows from 5.4.2 in [Ln7] that there is an integer k(n) > 0
and a contraction Vn ∈ D ⊗K such that

‖φn(a)− V ∗n dk(n) ◦ j(a)Vn‖ < εn/2 for all a ∈ Fn.
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In Mk(n)(O2) there is an isometry vn such that vnv∗n = 1O2 and (by [Ro1])

‖dk(n) ◦ j(a)− vnj(a)v∗n‖ < εn/2.

Put Sn = v∗nVn. Then
‖φn(a)− S∗nj(a)Sn‖ < εn

for all a ∈ Fn. Since 1A ∈ F1, without loss of generality, we may assume that
S∗nSn = en and SnS

∗
n ≤ E = j(1A). Let qn = SnS

∗
n. Then qn is a projection. Put

pn = E − qn. There is a partial isometry Zn ∈ D ⊗ K such that ZnZ∗n = pn and
Z∗nZn is orthogonal to en. Define Wn = Sn + Zn. Then W ∗nWn = en + ZnZ

∗
n and

WnW
∗
n = E. Let ψn(a) = W ∗nj(a)Wn and φ̄n(a) = Z∗nj(a)Zn for a ∈ A. Denote by

1 the identity of D̃ ⊗K. Since E and W ∗nWn are equivalent in D ⊗K, it is known
that 1−E is equivalent to 1−W ∗nWn in D̃ ⊗K. So we obtain a unitary un ∈ D̃ ⊗K
such that u∗nEun = W ∗nWn and Eun = Wn. Therefore ψn(a) = u∗nj(a)un for all
a ∈ A. To show that

‖φn(a)⊕ φ̄n(a)− u∗nj(a)un‖ → 0

as n→∞ for all a ∈ A, it suffices to show that

‖qnj(a)− j(a)qn‖ → 0 as n→∞
for all a ∈ A. Since

‖S∗nj(a)SnS∗nj(b)Sn − S∗nj(ab)Sn‖ → 0 as n→∞
for all a, b ∈ A, we have

‖qnj(a∗)qnj(a)qn − qnj(a∗)j(a)qn‖ → 0 as n→∞
for all a ∈ A. Equivalently,

‖qnj(a∗)j(a)pn‖ → 0 as n→∞
for all a ∈ A. Hence

‖qnj(b)pn‖ → 0 as n→∞
for all b ∈ A+. Since E = j(1A), this implies that

‖qnj(b)(1− qn)‖ → 0 as n→∞
for all b ∈ A+. This implies that

‖qnj(b)− j(b)qn‖ → 0 as n→∞
for all b ∈ A+. Therefore

‖pnj(b)− j(b)pn‖ → 0 as n→∞
for all b ∈ A+. So it holds for all b ∈ A.

Finally, since j is a homomorphism, we conclude that {φ̄n(a)} = {Z∗nj(a)Zn} is
approximately multiplicative. �

Theorem 4.6 (cf. 2.3.7 in [P3]). Let A be a unital separable exact C∗-algebra and
let {φn} and {ψn} be sequences of approximately multiplicative amenable contractive
completely positive linear maps from A to D⊗K which satisfy property (P). Suppose
that {φn} and {ψn} are homotopic. Then {φn⊕ j} and {ψn⊕ j} are approximately
unitarily equivalent, where j : A→ O2 → D ⊗K is as in 4.5.
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Proof. We may assume that there is a sequence {Fn} of approximately multiplica-
tive amenable contractive completely positive linear maps from A to C([0, 1], D⊗K)
such that δ0 ◦ Fn = φn and δ1 ◦ Fn = ψn, where δt : C([0, 1], D ⊗ K) → D ⊗ K is
the point evaluation at t (t ∈ [0, 1]). Fix ε > 0 and a finite subset F ⊂ A. For any
sufficiently large n, let 0 = t0 < t1 < t2 < · · · < tk+1 = 1 such that

‖δti+1 ◦ Fn(a)− δti ◦ Fn(a)‖ < ε/5

for all a ∈ F , i = 1, ..., k. Put ln,i = δti ◦ Fn, i = 0, 1, ..., k + 1. Note ln,0 = φn
and ln,k+1 = ψn. By applying 4.5, we obtain l̄n,i : A→ D ⊗ K such that there are
unitaries un,i ∈ D̃ ⊗ K such that

ln,i ⊕ l̄n,i ≈ε/5 adun,i ◦ j on F .
Let

Ln = l̄n,1 ⊕ ln,1 ⊕ l̄n,2 ⊕ ln,2 ⊕ · · · ⊕ l̄n,k+1 ⊕ ln,k+1 and
L′n = ln,1 ⊕ l̄n,1 ⊕ ln,2 ⊕ l̄n,2 ⊕ · · · ⊕ ln,k+1 ⊕ l̄n,k+1.

Then,
ln,0 ⊕ Ln ≈ε/5 L′n ⊕ ln,k+1 on F .

There is a unitary Vn ∈ D̃ ⊗K such that adVn ◦ (ln,k+1 ⊕ L′n) = L′n ⊕ ln,k+1. On
the other hand,

Ln
u∼ε/5 dk+1 ◦ j and L′n

u∼ε/5 dk+1 ◦ j on F .
We also have, by 1.13 in [KP],

dk+1 ◦ j u∼ε/5 j on F .
Combining these we have

ln,0 ⊕ j u∼ε/5 ln,0 ⊕ dk+1 ◦ j u∼ε/5 ln,0 ⊕ Ln
u∼ε/5 ln,k+1 ⊕ L′n

u∼ε/5 ln,k+1 ⊕ dk+1 ◦ j u∼ε/5 ln,k+1 ⊕ j on F .
In other words,

φn ⊕ j u∼ε ψn ⊕ j on F .
�

Lemma 4.7 (cf. 1.3.7 in [P3]). Let A be a separable C∗-algebra and {φn} : A→ D
be a sequence of approximately multiplicative contractive completely positive linear
maps, where D is a unital C∗-algebra. Suppose that, for any finite subset set F ⊂ A
and any ε > 0, there is an integer N such that, for all n > N, there are unitaries
un,k ∈ D such that

‖u∗n,kφn(a)un,k − φk(a)‖ < ε for all a ∈ F ,
k = n + 1, n + 2, .... Then there is a homomorphism h : A → D, a sequence of
unitaries vn ∈ D and a subsequence {m(n)} such that limn→∞ ad vm(n)◦φm(n)(a) =
h(a) for all a ∈ A.

Proof. Let F1,F2, ... be an increasing sequence of finite subsets of A such that its
union is dense in A. There is, for each j, an integer m(j) such that

adum(j),k ◦ φm(j) ≈1/2j+1 φm(j)+k on Fj , k = 1, 2, ....

Set wn = um(n),m(n+1)−m(n). Then

adwn ◦ φm(n) ≈1/2n φm(n+1) on Fj



2902 HUAXIN LIN

for all j ≤ n. Set
vn = w1w2 · · ·wn, n = 1, 2, ....

Thus
v∗n+kvn = w∗n+k−1w

∗
n+k−2 · · ·w∗n.

We claim that h(a) = limn→∞ vnφm(n)v
∗
n(a) exists for all a ∈ A. It suffices to

show that, for each a ∈ Fj (for all j), {vnφm(n)v
∗
n} is Cauchy. For n > j, we have

‖vnφm(n)(a)v∗n − vn+kφm(n+k)(a)vn+k‖ = ‖v∗n+kvnφm(n)(a)v∗nvn+k − φm(n+k)(a)‖
= ‖w∗n+k−1w

∗
n+k−2 · · ·w∗nφn(a)wn · · ·wn+k−2wn+k−1 − φm(n+k)(a)‖

≤
k−1∑
i=0

‖w∗n+iφm(n+i)(a)wn+i − φm(n+i+1)(a)‖ <
k−1∑
i=0

(1/2)j+i+1 < 1/2j.

This proves the claim. Since {φn} is approximately multiplicative, we conclude
that h is a homomorphism. �

5. The functor EA

In this section, we will study the functor EA (defined in 5.7). These results are
similar to the results in a paper of N. C. Phillips ([P3]). In [P3], the asymptotic
morphisms are from a separable amenable simple C∗-algebra A to B+ ⊗O∞ ⊗K.
We do not assume that A is simple. The equivalence for asymptotic morphisms
used in [P3] is the approximately unitary equivalence (or homotopy equivalence).
Here we use a much weaker stable equivalence. But the main difference is that we
consider a sequence of contractive completely positive linear maps, while in [P3] a
family t→ φt of maps was considered. However, all proofs here closely follow from
those in [P3]. The main purpose of this section is to prove Theorem 5.18.

Definition 5.1. Let Cn be a commutative C∗-algebra with K0(Cn) = Z/nZ and
K1(Cn) = 0. Suppose that A is a C∗-algebra. Then Ki(A,Z/kZ) = Ki(A ⊗ Ck)
(see [S3]). One has the following six-term exact sequence ([S3]):

K0(A) → K0(A,Z/kZ) → K1(A)
↑k ↓k

K0(A) ← K1(A,Z/kZ) ← K1(A) .

As in [DL2], we use the notation

K(A) =
⊕

i=0,1,n∈Z+

Ki(A;Z/nZ).

There is a second six-term exact sequence (see [S3]):

K0(A,Z/mkZ) → K0(A,Z/kZ) → K1(A,Z/mZ)
↑ ↓

K0(A,Z/mZ) ← K1(A,Z/kZ) ← K1(A,Z/mkZ) .

By HomΛ(K(A),K(B)) we mean all homomorphisms from K(A) to K(B) which
respects the direct sum decomposition and the above two six-term exact sequences
(see [DL2]). It follows from the definition in [DL2] that if x ∈ KK(A,B), then the
Kasparov product (associated with x) gives a homomorphism

Γ(x) : HomΛ(K(A),K(D))→ HomΛ(K(B),K(D))

for any C∗-algebra D. It is shown by Dadarlat and Loring ([DL2]) that if A is in N ,
then for any σ-unital C∗-algebra B, Γ is surjective and ker Γ=Pext(K∗(A),K∗(B)).
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Let 0 → I → B → C → 0 be a short exact sequence of C∗-algebras. From the
six term exact sequences

K0(I) → K0(B) → K0(C)
↑∂1 ↓∂0

K1(C) ← K1(B) ← K1(I)

one easily obtains the following.

Proposition 5.2. Let A be a separable C∗-algebra and let

0→ I → B → C → 0

be a sequence of σ-unital C∗-algebras. Then one has the following six-term exact
sequence:

HomΛ(K(A),K(I)) → HomΛ(K(A),K(B)) → HomΛ(K(A),K(C))
↑∂̃1

↓∂̃0

HomΛ(K(A),K(C)) ← HomΛ(K(A),K(B)) ← HomΛ(K(A),K(I)),

where the map ∂̃ is induced by the index map ∂i : Ki(B,Z/kZ)→ Ki+1(B,Z/kZ),
k = 0, 1, .... Moreover, if the short exact sequence splits, then ∂̃i = 0 and the above
six-term exact sequence degenerates into two split exact sequences.

Definition 5.3. Let A and B be two C∗-algebras and let L : A → B be a
contractive completely positive linear map . We will still use L for L ⊗ idMn :
Mn(A) → Mn(B), L ⊗ idMn ⊗ idCn : Mn(A) ⊗ C(Cn) → Mn(B) ⊗ Cn, its ex-
tension from M̃n(A)⊗ C(Cn) to M̃n(B)⊗ C(Cn) and L ⊗ idMn ⊗ idC(S1)⊗C(Cn)

and its unitization. Let P be the set of projections in Mn(A), Mn(Ã⊗ Cn) and
Mn(Ã⊗ Cn ⊗ C(S1)). As discussed in [Ln5] and other places such as [DE1], given
a finite subset P ⊂ P(A), there exists δ > 0 and a finite subset F , such that any
F -δ-multiplicative contractive completely positive linear map L : A→ B uniquely
defines a map from [P ] to K(B). Let G be the group generated by P ; with an even
larger F and a smaller δ, L gives a group homomorphism [L] from G to K(A). In
what follows, for a contractive completely positive linear map L : A → B, when-
ever we write [L]|P we mean L is F -δ-multiplicative with sufficiently large F and
sufficiently small δ so that [L]|P is well defined.

Definition 5.4. Let A be a separable unital amenable C∗-algebra. We fix an
embedding jo : O2 → O∞. Let B be another C∗-algebra. We use B+ for the C∗-
algebra obtained by adding an identity to B (even if B has a unit). We identify
jo : O2 → B+ ⊗ O∞ ⊗ K with the map a 7→ 1 ⊗ jo(a). With this identification,
jo is full. Put B∞ = B ⊗ O∞ ⊗ K and B# = B+ ⊗ O∞ ⊗ K. Fix an embedding
ı : A→ O2. In what follows, we will use j for jo ◦ ı whenever it is convenient.

An asymptotic sequential morphism φ = {φn} from A to B# is a sequence of
approximately multiplicative contractive completely positive linear maps {φn} from
A to B# such that there is an element α ∈ HomΛ(K(A),K(B#)) with the property
that

[φn]|P = α|P
for any finite subset P ⊂ P(A) and all sufficiently large n.

We say two asymptotic sequential morphisms φ = {φn} and ψ = {ψn} are
equivalent if there exists a sequence of unitaries un ∈ B̃# such that, for all a ∈ A,

‖adun ◦ (φn ⊕ j)(a)− (ψn ⊕ j)(a)‖ → 0 as n→∞.
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We will write φ ∼ ψ if φ and ψ are equivalent. Denote by {A,B#} the equivalent
classes of asymptotic sequential morphisms from A to B#. If φ = {φn} is an
asymptotic sequential morphism from A to B#, we denote by 〈φ〉 the equivalence
class containing φ.

Since B# = B+ ⊗ (O∞ ⊗K), we can add two elements by defining 〈φ〉+ 〈ψ〉 to
be 〈φ⊕ ψ〉.
Proposition 5.5. Let φ = {φn} and ψ = {ψn} be two asymptotic sequential
morphisms. If φ ∼ ψ, then there is unique α ∈ HomΛ(K(A),K(B#)) such that for
any finite subset P ⊂ P(A),

[φn]|P = [ψn]|P = α|P
for all sufficiently large n.

Proof. Since j : A→ O2 → C · 1B+ ⊕ (O∞ ⊗K), [j] = 0 in HomΛ(K(A),K(B#)).
Therefore [φn]|P = ([φn] ⊕ [j])|P and [ψn]|P = ([ψn] ⊕ [j])|P . Suppose there is an
α ∈ HomΛ(K(A),K(B#)) such that, for any finite subset P ⊂ P(A),

[φn]|P = α|P
for all large n. Since there exists a sequence of unitaries {un} in B̃# such that

‖adun ◦ φn(a)− ψn(a)‖ → 0 as n→∞
for all a ∈ A, it follows that

[φn]|P = [ψn]|P
for all large n. �
Proposition 5.6. {A,B#} is a group.

Proof. From the definition, it is immediate that j represents the zero element. Let
φ = {φn} be an asymptotic sequential morphismfrom A to B#. It follows from
4.5 that there is a sequence of approximately contractive completely positive linear
maps {φ̄n} from A to B# and a sequence of unitaries un ∈ B̃# such that

‖adun ◦ j(a)− (φn ⊕ φ̄n)(a)‖ → 0 as n→∞
for all a ∈ A. Suppose that α ∈ HomΛ(K(A),K(B#)) such that, for any finite
subset P ⊂ P(A),

[φn]|P = α|P
for all large n. Note that [j] = 0. Hence

([φn] + [φ̄n])|P = 0

for all large n. Therefore
([φ̄n])|P = −α|P

for all n. Thus φ̄ = {φ̄n} is an asymptotic sequential morphism from A to B#.
This shows that {A,B#} is a group. �
Definition 5.7. Fix a unital separable amenable C∗-algebra A. Let B be a sepa-
rable C∗-algebra and ξ : B# → O∞⊗K be given by the unitization. Let φ = {φn}
be an asymptotic sequential morphism from A to B#. We denote by EA(B) those
〈φ〉 such that there exists a sequence of unitaries un ∈ Õ∞ ⊗K such that

‖adun ◦ j(a)− ξ ◦ φn(a)⊕ j(a)‖ → 0 as n→∞
for all a ∈ A.
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Lemma 5.8. Let A be a unital separable amenable C∗-algebra. Then EA(B) is
a group for each σ-unital C∗-algebra. Moreover, if 〈φ〉 ∈ EA(B) is represented by
{φn}, then there is α ∈ HomΛ(K(A),K(B∞)) such that

[φn]|P = α|P
for any finite subset P ⊂ P(A) and any sufficiently large n.

Proof. Let ξ : B# → O∞ ⊗ K be the surjective map associated with the unitiza-
tion of B. Let 〈φ〉 ∈ EA(B) which is represented by {φn}. Let 〈φ̄〉 ∈ {A,B#} be
represented by {φ̄n}. We may assume that, for each a ∈ A, there are un ∈ U(B̃#)
such that

‖adun ◦ ξ ◦ j(a)− (φn(a)⊕ φ̄n(a)‖ → 0
as n → ∞ for all a ∈ A. Since 〈φ〉 ∈ EA(B), we may assume that there exists a
sequence of unitaries wn ∈ U(B̃#) such that

‖adξ(wn) ◦ ξ ◦ j(a)− ξ ◦ φn(a)‖ → 0

as n→∞ for all a ∈ A. This implies that

‖ad ξ ◦ (zn ◦ adun ◦ j)(a)− ξ ◦ (j(a)⊕ φ̄n)(a)‖ → 0

as n → ∞ for all a ∈ A, where zn = diag(wn, 1). This shows that 〈φ̄〉 ∈ EA(B),
Thus EA(B) is a group.

To see that α ∈ HomΛ(K(A),K(B∞)), we let λ : O∞ ⊗ K → B# be the map
associated with the unitization of B. From the six-term exact sequence in K-theory
induced by the split short exact sequence

0→ B ⊗K → B# → O∞ ⊗K → 0

and the fact that K0(O∞) = Z and K1(O∞) = 0, we compute that

K(B#) = K(B∞)⊕K(O∞)

and

HomΛ(K(A),K(B#)) = HomΛ(K(A),K(B∞))⊕HomΛ(K(A),K(O∞)).

Since we may assume that

‖ξ ◦ φn(a)− adξ(un) ◦ ξ(j)(a)‖ → 0

as n → ∞ for all a ∈ A and [ξ ◦ (adun ◦ j)] = 0 in HomΛ(K(A),K(O∞)), we
conclude that

[ξ] ◦ α = 0
in HomΛ(K(A),K(O∞)). Therefore we may write that

α ∈ HomΛ(K(A),K(B∞)). �
Proposition 5.9. Let A be a unital separable amenable C∗-algebra. Then EA is a
functor from separable C∗-algebras and ∗-homomorphisms to abelian groups.

Proof. It follows from the definition and 5.8 thatEA(B) is an abelian group for all σ-
unital C∗-algebras. For functoriality, let C be another separable C∗-algebra and let
h : B → C be a homomorphism. We extend it to obtain a homomorphism h̃ : B+ →
C+. Put h̄ = h̃⊗ idO∞⊗K. Therefore {φn} 7→ {h̄ ◦ φn} sends asymptotic sequential
morphisms to asymptotic sequential morphisms. Moreover, one checks that 〈{h̄ ◦
φn}〉 is in EA(C) if 〈{φn}〉 is in EA(B). Therefore h induces a homomorphism
h∗ : EA(B)→ EA(C).
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If g : C → D is also a homomorphism, then it is easy to check that (g ◦ h)∗ =
g∗ ◦ h∗. Moreover, it is obvious that (idB)∗ = idEA(B). �

Remark 5.10. Suppose that φ = {φn} is an asymptotic sequential morphism from
B# to C#. For any asymptotic sequential morphism {ψn} which represents an
element 〈ψ〉 in EA(B), {φn ◦ ψn} gives an element in EA(C). It follows that 〈φ〉
also induces a homomorphism from EA(B) to EA(C).

Lemma 5.11 (cf. 3.16 in [P3]). Let A be a unital separable amenable C∗-algebra.
Let

0→ I
ı→B

π→B/I → 0

be a short exact sequence of separable C∗-algebras.
(1) Suppose that the map [ı] : HomΛ(K(A),K(I∞))→ HomΛ(K(A),K(B∞)) is

injective. Then the sequence

EA(I) ı∗→EA(B) π∗→EA(B/I)

is exact in the middle.
(2) If there is a C∗-subalgebra J ⊂ B such that J is contractible and I ⊂ J, then

π∗ is injective.

Proof. It follows from Definition 5.7 that π∗◦ı∗ = 0. To show that ker(π∗) ⊂ im(ı∗),
we let ξ : B# → O∞ ⊗ K and λ : O∞ ⊗ K → B# be the maps associated with
the unitization maps B+ → C and C → B+. Denote by π# the quotient map
from B# → (B/I)# induced by π. Let 〈φ〉 ∈ kerπ∗, which is represented by an
asymptotic sequential morphism φ = {φn} from A to B#. Then there exists a

sequence of unitaries vn ∈ ˜(B/I)# such that

‖advn ◦ π# ◦ (φn(a)⊕ j(a))− j(a)‖ → 0 as n→∞

for all a ∈ A. By replacing vn by vn ⊕ v∗n, we may assume that vn ∈ U0( ˜(B/I)#).
Let un ∈ U0(B̃#) be such that π#(un) = vn. We have

‖π#(u∗n(φn ⊕ j(a))un − j(a))‖ → 0 as n→∞

for all a ∈ A. Let σ : (B/I)# → B# be a continuous (not necessarily linear) cross
section of π# satisfying σ(0) = 0 (given by [BG]). Define ψ′n : A→ B# by

ψ′n(a) = u∗n(φn(a)⊕ j(a))un − (σ ◦ π#)(u∗nφn(a)un − j(a))

for a ∈ A. Since
π#(ψ′n(a)− j(a)) = 0,

ψ′n(a) ∈ I# for all A. Since σ is continuous, we have

lim
n→∞

‖(σ ◦ π#)(u∗n(φn(a)⊕ j(a))un − j(a))‖ = 0

for all a ∈ A. Therefore {ψ′n} is an approximately linear, self adjoint and multiplica-
tive map (not necessarily linear or positive) from A to I#. Since A is amenable, it
follows from 1.1.5 in [P3] that there is a sequence of approximately multiplicative
contractive completely positive linear maps ψn : A→ I# such that

‖ψn(a)− ψ′n(a)‖ → 0 as n→∞
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for all a ∈ A. Therefore

lim
n→∞

‖ı ◦ ψn(a)− adun ◦ (φn(a)⊕ j(a))‖ = 0

for all a ∈ A.
If there is a C∗-subalgebra J ⊂ B such that J is contractible and I ⊂ J, then it

follows from 4.6 that there are unitaries zn ∈ B̃# such that

lim
n→∞

‖ad zn ◦ j(a)− ı ◦ ψn(a)‖ = 0

for all a ∈ A. Combining the above two limits, we see that 〈φ〉 = 0. This implies
that π∗ is injective. This proves (2).

To prove (1), let α ∈ HomΛ(K(A),K(B∞)) such that, for any finite subset
P ⊂ P(A),

[φn]|P = α|P
for all sufficiently large n. Since the map

[ı] : HomΛ(K(A),K(I∞))→ HomΛ(K(A),K(B∞))

is injective, it has a left inverse [ı]−1. Then, one checks that

[ψn]|P = [ı]−1 ◦ α|P
for all sufficiently large n. So {ψn} is an asymptotic sequential morphism and
〈{ψn}〉 ∈ EA(I). Moreover 〈{ı ◦ ψn}〉 = 〈φ〉 and 〈{ψn}〉 ∈ imı∗. This completes the
proof. �

Lemma 5.12. Let A be a separable amenable C∗-algebra and let B be a σ-unital
C∗-algebra. Suppose that fi∗ : EA(B)→ EA(C) (i = 1, 2) are homomorphisms and
there is a homomorphism g∗ : EA(B) → EA(C([0, 1], C)) such that δ0 ◦ g∗ = f1∗
and δ1 ◦ g∗ = f2∗, where δt : C([0, 1], B) → B is the point evaluation at t. Then
f1∗ = f2∗.

Proof. Let 〈φ〉 ∈ EA(B). Suppose that g∗(〈φ〉) is represented by {Φn}, where Φn :
A→ C([0, 1], B) is a sequence of contractive completely positive linear maps. Then
δt ◦ g∗(〈φ〉) is represented by {δt ◦ Φn}. It follows from 4.6 that 〈{δ0 ◦ Φn}〉 =
〈{δ1 ◦Φn}〉. However, f0∗(〈φ〉) = 〈{δ0 ◦Φn}〉 and f1∗(〈φ〉) = 〈{δ1 ◦Φn}〉. Therefore
f1∗ = f2∗. �

Lemma 5.13. Let A be a separable amenable C∗-algebra and

0→ I
ı→B

π→B/I → 0

be a split short exact sequence of separable C∗-algebras. Then we have the following
split short exact sequence:

0→ EA(I) ı∗→EA(B) π∗→EA(B/I)→ 0.

Proof. We first show that if B/I is contractible, then the embedding ı : I → B
gives an isomorphism EA(I) to EA(B). By 5.12, EA(B/I) = 0. Moreover, the map
∂̃1 : HomΛ(K(A),K(B/I)) → HomΛ(K(A),K(I)) in 5.2 is zero. Therefore [ı] is
injective. It follows from 5.11 that i∗ is surjective.

We also have EA(B/I) = EA(S(B/I)) = EA(C0((0, 1], I)) = 0. Set

S(B,B/I) = {(a, b) ∈ B ⊕ C0([0, 1), B/I) : π(a) = b(0)} and

Z(I, B) = {x ∈ C([0, 1], B) : x(0) ∈ I}.
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Since S(B/I) and C0((0, 1], I) are contractible, by 5.11 we have exact sequences

0 = EA(S(B/I))→ EA(B,B/I))→ EA(B) and

0 = EA(C0(0, 1], I)→ EA(Z(I, B))→ EA(S(B,B/I)).
It follows that EA(Z(I, B)) → EA(S(B,B/I)) → EA(B) are monomorphisms.
However, Z(I, B) is homotopically equivalent to I, and the composition I →
Z(I, B)→ S(B,B/I)→ B coincides with ı. By 5.12, ı∗ is injective.

In general, let j : I → S(B,B/I) be defined by j(b) = (b, 0). Then S(B,B/I)/j(I)
∼= C0([0, 1), B/I) is contractible. So from what we have just proved, j∗ is an iso-
morphism.

To see that EA is split exact, we assume that s : B/I → B is a monomorphism
such that π ◦ s = idB/I . It follows from 5.2 and 5.11 that EA(I) → EA(B) →
EA(B/I) is exact in the middle. Since π∗◦i∗ = (idB/I)∗, we see that π∗ is surjective.
It remains to show that ı∗ is injective.

Denote by j1 : S(B/I)→ S(B,B/I) the embedding. Let

J = {(s(b(0)), b) ∈ S(B,B/I) : b ∈ C0([0, 1), B/I)}.
Then J ∼= C0([0, 1), B/I), which is contractible. On the other hand, we see that
imj1 ⊂ J. Thus (j1)∗ = 0. Moreover, by applying (2) in 5.11 to the short exact
sequence

0→ S(B/I)→ S(B,B/I)→ B → 0,
we see that the map EA(S(B,B/I)) → EA(B) is injective. We again note that
Z(I, B) is homotopically equivalent to I, and the composition I → Z(I, B) →
S(B,B/I)→ B coincides with ı. By 5.12, ı∗ is also injective. �

Let D be a C∗-algebra. Define ẽ : D⊗K → D⊗K⊗K by ẽ(a⊗ b) = a⊗ b⊗ e11,
where e11 is a rank one projection in K. The map ẽ induces a map ẽ∗ : EA(B) →
EA(B⊗K). It should be noted that e11 may be chosen to be any rank one projection
in K.

Lemma 5.14 (cf. 3.1.11 in [P3]). Let A be a separable unital amenable C∗-algebra.
Then EA(−) is stable, i.e., ẽ∗ : EA(B)→ EA(B ⊗K) is an isomorphism.

Proof. Fix a rank one projection e11 in K. Let φ : O∞ → K⊗O∞ be the homomor-
phism defined by φ(a) = e11 ⊗ a for a ∈ O∞. Fix an approximate identity {en} of
K⊗O∞ which consists of projections with e1 = e11 ⊗ 1O∞ . In K⊗O∞ there is for
each n a projection dn ≥ en such that [dn] = [e1]. Note that, for any b ∈ K ⊗O∞,

‖dnb − b‖ → 0, ‖bdn − b‖ → 0 and ‖dnbdn − b‖ → 0

as n→∞. There exists a unitary un ∈ ˜K ⊗O∞ such that undnu∗n = e1, n = 1, 2, ....
Define ψ(0)

n (b) = undnadnu
∗ for all a ∈ K ⊗ O∞, n = 1, 2, .... Then {ψ(0)

n } is an
asymptotic sequential morphism from K ⊗ O∞ to e1(K ⊗ O∞)e1. So there is an
asymptotic sequential morphism {ψn} from K ⊗O∞ to O∞ such that φ ◦ {ψn} =
{ψ(0)

n }. Note that
adun ◦ ψ(0)

n (a) = dnadn

for all n and a ∈ K ⊗O∞ which is equivalent to idK⊗O∞ . Put ψ = {ψn}.
Define ẽ : B ⊗O∞ ⊗K → (B ⊗K)⊗O∞ ⊗K by ẽ(b⊗ a⊗ k) = b⊗ e11 ⊗ a⊗ k

and let ẽ# : B# → (B ⊗ K)# be the extension. We note that ẽ = idB ⊗ φ ⊗ idK.
Define f̃ = idB⊗ψ⊗ idK. We see that ẽ and f̃ induce homomorphisms from EA(B)
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to EA(B ⊗K) and from EA(B ⊗K) to EA(B). The fact that φ ◦ ψ is equivalent to
idK⊗O∞ implies that ẽ ◦ f̃ induces the identity map from EA(B ⊗K) to itself.

Consider ψ ⊗ idK ◦ φ⊗ idK. For each a ∈ O∞, since en ≥ e1, one has

ψn ◦ φ(a) = un(e11 ⊗ a)u∗n.

By identifying e11⊗a with a, we may view sn = une1 as an isometry in O∞. There
is a unitary Wn ∈ Õ∞ ⊗K such that Wn(1 ⊗ e11) = sn. Therefore one sees that
ψ ◦ φ induces an isomorphism on EA(B). It follows that ẽ∗ is an isomorphism. �

We summarized the main results of this section as follows:

Theorem 5.15. Let A be a unital separable amenable C∗-algebra. Then EA is a
functor from the category of separable C∗-algebras (with usual homomorphisms) to
the category of abelian groups which is

(i) homotopy invariant, i.e., suppose that fi∗ : EA(B) → EA(C) (i = 1, 2) are
homomorphisms and there is a homomorphism g∗ : EA(B) → EA(C([0, 1], C))
such that δ0 ◦ g∗ = f1∗ and δ1 ◦ g∗ = f2∗, where δt : C([0, 1], B) → B is the point
evaluation at t, then f1∗ = f2∗;

(ii) stable, i.e., ẽ∗ : EA(B)→ EA(B ⊗K) is an isomorphism; and
(iii) split exact.

Definition 5.16. Let A be a separable amenable C∗-algebra. We use the iden-
tification KK(A,B) = Ext(SA,B) and KK1(A,B) = Ext(A,B). We denote by
T (A,B) the set of equivalence classes of stably approximately trivial extensions
(see [Ln10]). It was shown that T is a subgroup of Ext(A,B).

Let A be a separable amenable C∗-algebra and let B be a σ-unital C∗-algebra.
Recall that KL(A,B) = KL0(A,B) = Ext(SA,B)/T (SA,B) and KL1(A,B) =
Ext(A,B)/T (A,B) (see [Ln10]). We will use Π : KK(A,B) → KL(A,B) for the
quotient map. It should be noted that we have now defined KL(A,B) without
the UCT (see [Ln10]). It follows from [Ln10] that (with A amenable) T (A,B)
is in the kernel of Γ. Thus we obtain the induced map Γ̃ from KL(A,B) to
HomΛ(K(A),K(B)).

Recall (see [Ln10]) that A is said to satisfy the Approximate Universal Coefficient
Theorem (AUCT) if the map Γ̃ is an isomorphism. It is equivalent to have the
following exact sequence:

0→ PextZ(K∗(A),K∗(B))→ KL(A,B)→ Hom(K∗(A),K∗(B))→ 0.

It is known and it is easy to see that KL(A,−), HomΛ(K(A),K(−)),
KL(A,−⊗O∞) and HomΛ(A,−⊗O∞) are functors from category of C∗-algebras
with ∗-homomorphisms to abelian groups. It is known that both KL(A,−) and
HomΛ(K(A),K(−)) are homotopy invariant, stable and split exact. From this fact,
it is rather routine to check that the latter two are also homotopy invariant, stable
and split exact.

Definition 5.17. Let A be a unital separable amenable C∗-algebra and let B be a
separable C∗-algebra. Given 〈φ〉 ∈ EA(B), which is represented by an asymptotic
sequential morphism {φn} from A→ B#, it follows from 5.5 and 5.8 that there is
a unique α ∈ HomΛ(K(A),K(B∞)) such that

[φn]|P = α|P
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for all finite subsets P ⊂ P and all sufficiently large n. Let βB(〈φ〉) = α. Then βB
gives a homomorphism from EA(B) to HomΛ(K(A),K(B ⊗O∞)). This defines a
natural transformation β from the functor EA to the functor

HomΛ(K(A),K(−⊗O∞)).

To see this, let h : B → D be a homomorphism and 〈φ〉 = 〈{φn}〉 ∈ EA(B).
Suppose that ξ = βB(〈φ〉). Then h∗(ξ) = βD({h ◦ φn}). In other words, we have

βD(EA(h))(〈φ〉) = βD(〈{h ◦ φn}〉) = h∗(βB(〈φn〉)).

The composition KL(A,−)→ KL(A,−⊗O∞)→ HomΛ(K(A),K(−⊗O∞)) will
be denoted by Γ̃1. Then Γ̃1 is a natural transformation from the functor KL(A,−)
to the functor HomΛ(K(A),K(−⊗O∞)).

Theorem 5.18. Let A be a unital separable amenable C∗-algebra. Then, for
each separable C∗-algebra B, the image of map βB contains Γ̃1(KL(A,B)) =
Γ̃(KL(A,B∞)).

Proof. It is easy to see that Γ̃ is a natural transformation from the functorKK(A,−)
to the functor HomΛ(K(A),K(−⊗O∞)). It follows from a result of Higson [H] that
there is a unique natural transformation α from KK(A,−) to EA with αA([idA]) =
〈idA〉. Let β : EA → HomΛ(K(A),K(− ⊗ O∞)) be the natural transformation
defined in 5.17. Then βA(〈idA〉) = [idA]. Therefore βA ◦ αA([idA]) = [idA]. Since
Γ̃([idA]) = [idA], it follows from [H] that

Γ̃1 ◦Π = β ◦ α.

Thus βB(EA(B)) ⊃ Γ̃1(KL(A,B)) = Γ̃(KL(A,B ⊗O∞)). �

Corollary 5.19. Let A be a unital separable amenable C∗-algebra and let B be
a unital separable C∗-algebra. Then for any α ∈ Γ̃1(KL(A,B)), there exists an
asymptotic sequential morphism {φn} which maps A into B∞ such that, for any
finite subset P ⊂ P(A),

[φn]|P = α|P

for all sufficiently large n.

Proof. By 5.18 there is an element 〈{φn}〉 ∈ EA(B) such that [〈{φn}〉] = α. Since
B is unital, we may write B# = B ⊗O∞ ⊗K ⊕O∞ ⊗K. Therefore we may write
φn = φ′n⊕φ′′n, where φ′n : A→ B∞ and φ′′n : A→ O∞⊗K. Moreover both {φ′n} and
{φ′′n} are asymptotic sequential morphisms and there are unitaries un ∈ Õ∞ ⊗K
such that

‖adun ◦ φ′′n(a)− j(a)‖ → 0

as n→∞ for all a ∈ A. It follows that, for any finite subset P ⊂ P(A),

[φ′n]|P = α|P

for all sufficiently large n. �
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6. The isomorphism with KL

The following is just a variation of the Theorem 3.9 in [Ln10]. An earlier version
can be found in [Ln3]. A proof can also be found in [Ln7].

Theorem 6.1. Let A be a separable unital amenable C∗-algebra and let B be a
σ-unital C∗-algebra. Suppose that h1, h2 : A → B are two homomorphisms such
that

[h1] = [h2] in KK(A,B).

Suppose that h0 : A→ B is a full monomorphism such that [h0(1A)] = [h1(1A)] =
[h2(1A)]. Then, for any ε > 0 and finite subset F ⊂ A, there is an integer n and a
unitary w ∈ U(Mn+1(B)) such that

‖w∗diag(h1(a), h0(a), · · · , h0(a))w − diag(h2(a), h0(a), · · · , h0(a))‖ < ε

for all a ∈ F .

Proof. Theorem 3.9 in [Ln10] assumes that B is unital and h0, h1 and h2 are all
unital. We will reduce the case here to the unital case. Since h0 is full, e = h0(1A)
is a full projection in B. Then there is an integer k such that h1(1A) and h2(1A) are
equivalent to some projections in EMk(B)E, where E = diag(e, .., e), and where e
repeats k times. Without loss of generality, we may assume that h1(1A) and h2(1A)
are in EMk(B)E. Since [h1(1A)] = [h2(1A)] in K0(B), there exists an integer m
such that diag(h1(1A), E, ..., E) is unitarily equivalent to diag(h2(1A), E, ..., E) in
M2mk(B). Set H1 = diag(h1, h0, ..., h0) and H2 = diag(h2, h0, ..., h0), where h0 re-
peats mk times. By replacing H1 by adU ◦H1 for some unitaries U ∈M2mk+2(eBe)
we may assume that

diag(h1(1A), h0(1A), ..., h0(1A)) = diag(h2(1A), h0(1A), ..., h0(1A)).

Set
P = diag(h1(1A), h0(1A), ..., h0(1A)).

Let D = PMmk+1(B)P, Φ = diag(h1, h0, ..., h0), Ψ = diag(h2, h0, ..., h0) and H0 =
diag(h0, ..., h0), where h0 repeats mk times in Φ and Ψ and h0 repeats mk + 1
times in H0. Then this theorem follows from the unital version in [Ln10] (Theorem
3.9). �

Theorem 6.2. Let A be a unital separable amenable C∗-algebra and let B be a sep-
arable unital C∗-algebra. Suppose Γ̃ : KL(A, q∞(B∞))→ Γ̃(KL(A, q∞(B ⊗O∞)))
is injective. Then βB : EA(B)→ HomΛ(K(A),K(B ⊗O∞)) is also injective.

Proof. By 5.18, it suffices to show that βB is injective. Let

α ∈ Γ̃(KL(A,B ⊗O∞)) ⊂ HomΛ(K(A),K(B ⊗O∞))

and 〈φ〉, 〈ψ〉 ∈ EA(B) such that βB(〈φ〉) = βB(〈ψ〉). Suppose that 〈φ〉 and 〈ψ〉 are
represented by φ = {φn} and ψ = {ψn}, respectively. Since B is unital, we may
write B# = B⊗O∞⊗K⊕O∞⊗K. We may write φn = φ′n⊕φ′′n and ψn = ψ′n⊕φ′′n,
where φ′n, ψ

′
n : A → B ⊗ O∞ ⊗ K and φ′′n, ψ

′′
n : A → O∞ ⊗ K. Moreover since

{π# ◦ φn} ⊕ j and {π# ◦ ψn} ⊕ j are approximately unitarily equivalent to j, we
have that, for any finite subset P ⊂ P(A), there exists N > 0 such that

[φ′n]|P = [ψ′n]|P = α|P
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for all large n ≥ N . It follows from 2.9 in [GL1] (see also Remark 2.1 in [GL2])
that

Ki(l∞(B ⊗O∞ ⊗K)) =
∏
n

Ki(B ⊗O∞),

Ki(l∞(B ⊗O∞ ⊗K),Z/kZ) =
∏
n

Ki(B ⊗O∞,Z/kZ),

Ki(q∞(B ⊗O∞ ⊗K)) =
∏
n

Ki(B ⊗O∞)/⊕n Ki(B ⊗O∞) and

Ki(q∞(B ⊗O∞ ⊗K,Z/kZ)) =
∏
n

Ki(B ⊗O∞,Z/kZ)/⊕n Ki(B ⊗O∞,Z/kZ).

Define Φ,Ψ : A →
∏
n≥N B ⊗ O∞ ⊗ K by ΦN (a) = {φn(a)}n≥N and ΨN(a) =

{ψn(a)} for a ∈ A, respectively. We then have

[Ψ]|P = [Φ]|P .

Let h1 = π′ ◦Φ and h2 = π′ ◦Ψ, where π′ : l∞(B ⊗O∞ ⊗K)→ q∞(B ⊗O∞ ⊗K).
Regarding [h1] and [h2] as elements in KL(A, q∞(B ⊗O∞ ⊗K)), we have

Γ̃1([h1]) = Γ̃1([h2]).

By the assumption that Γ̃1 is injective, we obtain [h1] = [h2] in KL(A, q∞(B∞)).
Let J : A → O2 → l∞(O∞ ⊗ K) be defined by J(a) = {j(a), j(a), ....}. Put
h3 = h1 ⊕ (π′ ◦ J). Note that h3 is full. It follows from 6.1 that there is a sequence

of integers {m(n)} and a sequence of unitaries wn ∈ ˜q∞(B∞) such that

‖adwn ◦ (h1(a)⊕ dm(n) ◦ h3(a))− h2(a)⊕ dm(n) ◦ h3(a)‖ → 0

as n → ∞ for all a ∈ A. Let {φ̄′n} be the sequence of the maps given by 4.5
corresponding to {φn}. Define Φ̄ : A→ l∞(B∞) by Φ̄(a) = {φ̄n(a)} for a ∈ A. Set
h4 = π′ ◦ Φ̄. Then

‖adw′n ◦ (h1(a)⊕ dm(n) ◦ h3 ⊕ h4(a))− h2(a)⊕ dm(n) ◦ h3 ⊕ h4(a)‖ → 0

as n → ∞ for all a ∈ A, where w′n is a unitary in U( ˜q∞(B∞)). However, by the
choice of φ̄′n, we have

‖ad zn ◦ (h1(a)⊕ dm(n) ◦ π′ ◦ J(a)) − h2(a)⊕ dm(n) ◦ π′ ◦ J(a)‖ → 0

as n→∞ for all a ∈ A, where zn is a unitary in U( ˜q∞(B∞)).
Since {dm(n) ◦ π′ ◦ J} is approximately unitarily equivalent to π′ ◦ J, we have

lim
n→∞

‖ad z′n ◦ (h1 ⊕ π′ ◦ J)(a)− h2(a)⊕ π′ ◦ J(a)‖ = 0

for all a ∈ A, where z′n is another sequence of unitaries. There is a unitary Un,k =

{v(n)
k }k≥1 ∈ ˜l∞(B∞) such that π(Un,k) = z′n, n = 1, 2, .... Let un = v

(n)
n . Then we

have
‖adun ◦ (φ′n(a)⊕ j(a))− ψ′n(a)⊕ j(a)‖ → 0

as n→∞ for all a ∈ A. From here we conclude that 〈φ〉 = 〈ψ〉. �

Theorem 6.3. Let A be unital separable amenable C∗-algebra. Then for any ε > 0
and any finite subset F ⊂ A, there exists δ > 0, a finite subset G and a finite subset
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P ⊂ P(A) satisfying the following: if B is a unital C∗-algebra and φ, ψ : A→ B∞
are two G-δ-multiplicative contractive completely positive linear maps with

[ψ]|P = [φ]|P ,
then there exists a unitary u ∈ B̃∞ such that

adu ◦ (φ⊕ j) ≈ε ψ ⊕ j on F
(here we use the fact that M2(B∞) ∼= B∞).

Proof. Suppose the theorem is false. Let {δn} be a decreasing sequence of positive
numbers such that limn→∞ εn = 0, let {Fn} be an increasing sequence of finite
subsets of A such that

⋃∞
n=1 Fn is dense in A and let {Pn} be an increasing sequence

of finite subsets such that
⋃∞
n=1 Pn = P(A). Then there exists ε0 > 0, a finite subset

F0 ⊂ A, a sequence of unital C∗-algebras and two sequences of approximately
multiplicative contractive completely positive linear maps ψn, φn : A → B

(n)
∞ =

Bn ⊗O∞ ⊗K such that

[ψn]|Pn = [φn]|Pn , n = 1, 2, ...,

and

sup
n
{max{‖adun ◦ (ψn(a)⊕ j(a))− (φn(a)⊕ j(a))‖ : a ∈ F0}} ≥ ε0

for all unitaries un ∈ U(B̃(n)
∞ ).

Define Ψ : A → l∞({B(n)
∞ }) and Φ : A → l∞({Bn}) by Ψ(a) = {ψn(a)} and

Φ(a) = {φn(a)} for a ∈ A, respectively. Put h1 = π′ ◦ Ψ and h2 = π′ ◦ Φ, where
π′ : l∞({B(n)

∞ })→ q∞({B(n)
∞ }) is the quotient map. It follows from the proof of 6.2

that
Γ̃1([h1]) = Γ̃1([h2]).

The same proof of 6.2 shows that there exists an integer m and a unitary in w ∈
Mm(q∞({B(n)

∞ })) such that

‖adw ◦ (h1(a)⊕ π′ ◦ J(a)) − (h2(a)⊕ π′ ◦ J(a))‖ < ε0/2

for all a ∈ F0. There exists a unitary U = {vn} ∈ U(q∞({B(n)
∞ })) such that

π′(U) = w. Therefore there exists an integer N such that for all n ≥ N,
‖advn ◦ (ψn(a)⊕ j(a))− (φ(a) ⊕ j(a))‖ < ε0

for all a ∈ F0. This gives a contradiction. �
Lemma 6.4. With the same hypothesis, elements in EA(B) can be represented by
homomorphisms from A to B ⊗O∞ ⊗K.
Proof. Let 〈φ〉 ∈ EA(B) be represented by {φn} and ξ = βB(〈φ〉). Fix ε > 0 and a
finite subset F . Let δ, G and P be as required in 6.3. There exists N > 0 such that
φn are G-δ-multiplicative and

[φn]|P = ξ|P
for all n ≥ N. By 5.19, we may assume that φn maps into B∞. It follows from 6.3
that there exists, for each n, a unitary un,k ∈ B̃∞ such that

‖adun,k ◦ (φn ⊕ j)(a)− (φn+k ⊕ j)(a)‖ < ε

for all a ∈ F and n ≥ N. By applying 4.7 we obtain a subsequence {m(k)} and
a sequence of unitaries wk ∈ B̃∞ such that h(a) = limn→∞ w∗k(φm(k) ⊕ j)(a)wk
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converges for each a ∈ A and h : A → B# is a homomorphism. Furthermore,
[h] = ξ. By applying 6.3 again, we obtain that 〈φ〉 = 〈h〉. �
Theorem 6.5. Let A be a unital separable amenable C∗-algebra which satisfies the
AUCT and B be a unital separable C∗-algebra. Then

βB : EA(B)→ KL(A,B ⊗O∞ ⊗K)

is an isomorphism.

Proof. If A satisfies the AUCT, the map Γ̃1 in 6.2 is an isomorphism. Therefore,
this theorem follows immediately from 6.2 and 5.18. �
Theorem 6.6. Let A be a unital separable amenable C∗-algebra which satisfies
the AUCT and B be a unital separable amenable purely infinite simple C∗-algebra.
Then βB : EA(B)→ KL(A,B) is an isomorphism.

Proof. It is proved in [KP] that, under the assumption in the theorem, B∞ ∼= B⊗K.
Thus this theorem follows from 6.5. �

The following is the one of the main results of this paper.

Theorem 6.7. Let A be a unital separable amenable C∗-algebra satisfying the
AUCT and let B be a unital separable amenable purely infinite simple C∗-algebra.
Let hi : A→ B be two monomorphisms. Then there exists a sequence of isometries
un ∈ U(B) such that

lim
n→∞

‖adun ◦ h1(a)− h2(a)‖ = 0

for all a ∈ A if and only if

[h1] = [h2] in KL(A,B).

Moreover, for any x ∈ KL(A,B), there exists a monomorphism h : A → B such
that [h] = x.

Proof. The last part of the theorem follows from 6.4 and 6.6.
It was proved by Rørdam (5.4 in [Ro2]) that the “only if” part holds. We will

present the proof for the other direction. Let ε > 0 and F be a finite subset of A.
It follows from 6.6 that there exists a unitary u ∈M2(B) such that

‖adu ◦ (h1 ⊕ j)(a)− (h2 ⊕ j)(a)‖ < ε/4

for all a ∈ F . It follows from 2.8 in [KP] and 4.11 in [P3] (see also (iii) in 8.2.5
in [Ro4]) that there exists a homomorphism φ : B → B which factors through O2

and an isometry v ∈M2(B) with v∗v = 1M2(B) and vv∗ = 1B such that

‖ad v ◦ (idB ⊕ φ)(b) − idB(b)‖ < ε/8

for all b ∈ (h1 ⊕ j)(F) ∪ (h2 ⊕ j)(F). Since φ factors through O2, it follows from
3.6 in [Ro1] that there are unitaries z1, z2 ∈ B such that

‖ad z1 ◦ φ ◦ h1(a)− j(a)‖ < ε/8

and
‖ad z2 ◦ φ ◦ h2(a)− j(a)‖ < ε/8

for all a ∈ F . Therefore we have

h1 ≈ε/8 (idB ⊕ φ) ◦ h1 ≈ε/8 h1 ⊕ j ≈ε/4 h2 ⊕ j ≈ε/8 (idB ⊕ φ) ◦ h2 ≈ε/8 h2

on F . In other words, h1 ≈ε h2 on F . �
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7. Relative weakly semiprojectivity

for separable amenable C∗-algebras

Lemma 7.1. Let Gn be a sequence of abelian groups and let G0 be a finitely
generated abelian group. Let λ : G0 →

∏
nGn/ ⊕n Gn be a homomorphism.

Then there is a homomorphism σ : G0 →
∏
nGn such that π ◦ σ = λ, where

π :
∏
nGn →

∏
nGn/⊕n Gn is the quotient map.

Proof. Write G0 = G′0 ⊕ G′′0 , where G′0 is a free group and G′0 is a finite abelian
group. It suffices to prove the lemma for the case that G0 is finite. Suppose that
G0 = G01 ⊕ · · · ⊕G0k, where each G0,i is cyclic. Let si ∈ G0i be the generator and
let g(i, n) ∈ Gn such that π({g(i, n)}) = λ(si), i = 1, 2, ..., k. Suppose that ri is the
order of λ(si). Then, for each i, there is ni > 0 such that

rig(i, n) = 0 for all n > ni.

Choose N = max{ni : i = 1, 2, ..., k}. Define σ : G0 →
∏
nGn by σ(si) =

(0, ..., 0, g(i, N + 1), g(i, N + 2), ...), i = 1, 2, ..., k. Clearly σ gives a homomorphism
and π ◦ σ = λ. �
Lemma 7.2. Let {G(n, 1)}, {G(n, 2)}, ..., {G(n, k)} be k sequences of abelian groups
and let F1, ..., Fk be k finitely generated abelian groups. Let φi :

∏
nG(n, i) →∏

nG(n, i+ 1) and ψi : Fi → Fi+1 be homomorphisms. Denote by

φ̄i :
∏
n

G(n, i)/
⊕
n

G(n, i)→
∏
n

G(n, i+ 1)/
⊕
n

G(n, i + 1)

the induced homomorphism by φi, i = 1, 2, ..., k. Suppose that there is a homomor-
phism αi : Fi →

∏
nG(n, i)/⊕n G(n, i) such that the diagram

→ Fi
ψi→ Fi+1

↓αi ↓αi+1

→
∏
nG(n, i)/

⊕
nG(n, i)

φ̄i→
∏
nG(n, i+ 1)/

⊕
nG(n, i+ 1)

ψi+1→ Fi+2
ψi+2→

↓αi+2

φ̄i+1→
∏
nG(n, i+ 2)/

⊕
nG(n, i+ 2)

φ̄i+2→
commutes for each i = 1, 2, ..., k. Then there is a homomorphism γi : Fi →∏
nG(n, i) such that the following diagram commutes for every i:

Fi
ψi //

αi

��

γi

##GGGGGGGGG Fi+1

ψi+1
//

αi+1

��

γi+1

%%LLLLLLLLLL Fi+2

ψi+2
//

αi+2

��

γi+2

%%LLLLLLLLLL

∏
nG(n, i)

φi //

πi

||xxxxxxxx

∏
nG(n, i+ 1)

φi+1
//

πi+1

yyttttttttt

∏
nG(n, i+ 2)

φi+2
//

πi+2

yyttttttttt

∏
n G(n,i)⊕
n G(n,i)

φi //
∏
n G(n,i+1)⊕
n G(n,i+1)

φi+1
//
∏
n G(n,i+2)⊕
n G(n,i+2)

φi+2
//

where πi :
∏
nG(n, i)→

∏
nG(n, i)/

⊕
nG(n, i) is the quotient map.

Moreover, there exists N ≥ 1 satisfying the following: if γ̄i : Fi →
∏
nG(n, i) is

another homomorphism such that πi ◦ γ̄i = πi ◦ γi, then

pn,i ◦ γi = pn,i ◦ γ̄i
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for n ≥ N and i = 1, 2, ..., k, where pn,i :
∏
nG(n, i) → G(n, i) is the projection.

Consequently, if Fk = F1 and α1 = αk, then we can choose γk = γ1.

Proof. It follows from 7.1 that there is σi : Fi →
∏
nG(n, i) such that πi ◦ σi = αi.

Let {s(i, j) : j = 1, 2, ...,m(i)} be the cyclic generators of Fi. Denote by pn,i :∏
nG(n, i) → G(n, i) the projection, i = 1, 2, ..., k. For each i, since φ̄i ◦ αi =

αi+1 ◦ ψi, there is an integer N(i, j) > 0 such that

pn,i ◦ φi ◦ σi(s(i, j)) = pn,i+1 ◦ σi+1 ◦ ψi(s(i, j))

for all n ≥ N(i, j), j = 1, 2, ...,m(i) and i = 1, 2, ..., k. Choose N1 = max{N(i, j) :
1 ≤ j ≤ m(i), 1 ≤ i ≤ k}. Define γi : Fi →

∏
nG(n, i) by

γi(s(i, j))=(0, ..., 0, pN1+1,i◦σi(s(i, j)), pN+2,i◦σi(s(i, j)), ..., pN1+m,i◦σi(s(i, j)), ...),

j = 1, 2, ...,m(i), i = 1, 2, ..., k. Then we have

φi ◦ γi = γi+1 ◦ ψi and αi = πi ◦ γi
for all i. Moreover we have the commutative diagram in the statement of the lemma
for every i.

If γ̄i : Fi →
∏
nG(n, i) is another homomorphism such that πi◦γi = πi◦γ̄i, then,

as above, there is N(i) such that pn,i ◦ γi = pn,i ◦ γ̄i for all n ≥ N(i), i = 1, 2, ..., k.
Choose N = max{N(i) : i = 1, 2, ..., k}.

If Fk = F1 and αk = α1, as above, by choosing possibly even larger N1, we may
choose γk = γ1. �

The following two lemmas are taken from [DR] (1.3 in [DR]).

Lemma 7.3. (i) Let A be a separable C∗-subalgebra in an amenable C∗-algebra
B. There exists a separable amenable C∗-subalgebra C such that A ⊂ C ⊂ B.

(ii) Let A be a separable C∗-algebra in an amenable purely infinite simple C∗-
algebra B. Then there is a separable amenable purely infinite simple C∗-algebra
C ⊂ B such that A ⊂ C.

Lemma 7.4. Let A be a separable unital amenable C∗-algebra and let
h : A→ q∞({Bn}) be a full homomorphism, where Bn are separable purely infinite
simple C∗-algebra. Let jn : A→ Bn be a monomorphism which factors through O2

and let j̄ : A→ q∞({Bn}) be defined by π ◦ {jn}, where π : l∞({Bn})→ q∞({Bn})
is the quotient map. Then there exists a partial isometry u ∈ M2(q∞({Bn})) such
that u∗u = 1Bn and uu∗ = 1M2(Bn) and

adun ◦ (h⊕ j̄) = h.

Proof. Since A is amenable, there exists a contractive completely positive linear
map L : A → l∞({Bn}) such that π ◦ L = h. Write L = {ψn}, where each
ψn : A → Bn is a contractive completely positive linear map. Let {Fn} be an
increasing sequence of finite subsets of A such that

⋃∞
n=1 Fn is dense in A. There

is a sequence of projections en ∈ Bn such that

‖ψn(1A)− en‖ → 0 as n→∞.

Without loss of generality, by replacing ψn by enψnee, we may assume that ψn(1A)
≤ en for all n. By replacing Bn by enBnen, we may also assume that Bn are
unital. It follows from (iii) in [Ro4] (see also 2.4 in [P2]) that there is an embedding
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φn : Bn → Bn which factors through O2 and a sequence of isometry {un} in
M2(Bn) such that u∗nun = 1M2(Bn), unu

∗
n = 1Bn and

‖un(idBn ⊕ φn)(b)u∗n − idBn(b)‖ < 1/n

for all b ∈ φn(Fn). We write φn = φ
(1)
n ◦ φ(0)

n , where φ(0)
n : Bn → O2 and φ

(1)
n :

O2 → Bn are monomorphisms. Let φ̄ = π ◦ {φn}, σ = φ̄ ◦ h, φ̄(1) = π ◦ {φ(1)
n } and

φ̄(0) = π ◦ {φ(0)
n }. Since h and φ̄(0) are full, so is φ̄(0) ◦ h. It follows from 3.4 that

there is monomorphism h0 : A→ l∞(O2) such that π′ ◦h0 = φ̄(0) ◦ h. Therefore we
have

‖φ(0)
n ◦ ψn(a)− h(0)

n (a)‖ → 0 as n→∞
for all a ∈ A, where h0(a) = {h(0)

n (a)}. It follows from 5.11 in [Ro4] that there are
unitaries zn ∈ Bn such that

‖ad zn ◦ φ(1)
n ◦ h(0)

n (a)− jn(a)‖ → 0 as n→∞
for all a ∈ A. Combining all these, we obtain a sequence of partial isometries
wn ∈M2(Bn) with w∗nwn = 1Bn and wnw

∗
n = 1M2(Bn) such that

‖adwn(ψn(a)⊕ jn(a))− ψn(a)‖ → 0 as n→∞
for all a ∈ A. Let w = {wn} ∈M2(l∞({Bn})) and u = π(w). Then

adu ◦ (h⊕ j̄) = h.

�
Theorem 7.5. Let A be a unital separable amenable C∗-algebra with finitely gen-
erated Ki(A) (i = 0, 1) satisfying the AUCT. Let B be the class of amenable purely
infinite simple C∗-algebras. Then A is apf-weakly semiprojective with respect to B.

Proof. Let {Bn} be a sequence of amenable C∗-algebras in B and h : A→ q∞(Bn)
be a full homomorphism. Let L : A→ l∞(Bn) be a contractive completely positive
linear map such that π ◦ L = h, where π : l∞({Bn}) → q∞({Bn}) is the quotient
map. Write L = {Ln}, where each Ln : A → Bn is a contractive completely
positive linear map. Let An be the separable C∗-subalgebra generated by Ln(A).
It follows from 7.3 that there is an amenable separable purely infinite simple C∗-
algebra Cn such that Ln(A) ⊂ Cn ⊂ Bn. Thus we may replace Bn by Cn. Therefore
we may assume that each Bn is separable. Since Bn ⊂ Bn ⊗ K and q∞({Bn}) ⊂
q∞({Bn ⊗K}), we now consider the case that each Bn is stable.

Since Ki(A) (i = 0, 1) is finitely generated, by 2.11 in [DL2] there is an integer
k0 > 0 such that HomΛ(K(A),K(C)) ∼= HomΛ(Fk0K(A), Fk0K(C)) for all σ-
unital C∗-algebra C, where Fk0K(D) = K∗(A)⊕

⊕
k≤k0

K∗(D,Z/kZ). Let Γ̃([h]) ∈
HomΛ(Fk0K(A), Fk0K(q∞(Bn))).

Put

P
(i)
0 =

∏
n

Ki(Bn), P (i)
k =

∏
n

Ki(Bn,Z/kZ),

Q
(i)
0 =

∏
n

Ki(Bn)/
⊕
n

Ki(Bn) and Q
(i)
k =

∏
n

Ki(Bn,Z/kZ)/
⊕
n

Ki(Bn,Z/kZ).

It follows from 2.9 in [GL1] that

Ki(l∞(Bn ⊗K)) = P
(i)
0 , Ki(l∞(Bn ⊗K),Z/kZ) = P

(i)
k ,

Ki(q∞(Bn ⊗K)) = Q
(i)
0 and Ki(q∞(Bn ⊗K),Z/kZ) = Q

(i)
k ,
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k = 2, 3, .... We have the following commutative diagrams:

K0(A) //

##FFFFFFFF
K0(A,Z/kZ)

Γ̃([h])
��

// K1(A)

{{xxxxxxxx

��

Q
(0)
0

// Q
(0)
k

// Q
(1)
0

��

Q
(0)
0

OO

Q
(1)
k

oo Q
(1)
0

oo

K0(A)

OO

;;xxxxxxxx
K1(A,Z/kZ)oo

Γ̃([h])

OO

K1(A)

ccFFFFFFFF
oo

and

K0(A,Z/mkZ) //

&&MMMMMMMMMMM
K0(A,Z/kZ) //

Γ̃([h])
��

K1(A,Z/mZ)

��

xxqqqqqqqqqqq

Q
(0)
mk

// Q
(0)
k

// Q
(1)
m

��

Q
(0)
m

OO

Q
(1)
k

oo Q
(1)
mk

oo

K0(A,Z/mZ)

88qqqqqqqqqqq

OO

K1(A,Z/kZ)oo

Γ̃[(h)]

OO

K1(A,Z/mkZ)oo

ffMMMMMMMMMMM

It follows from 7.2 that for any 0 ≤ k ≤ k2
0 , we obtain homomorphisms α :

Ki(A,Z/kZ) → P
(i)
k , αi,k : Ki(A) → P

(i)
0 and α′i,k : Ki(A) → P

(i)
0 such that

π∗ ◦α = Γ̃([h])|(A,Z/kZ), π∗ ◦αi,k = h∗i and π∗ ◦α′i,k = h∗i, i = 0, 1, and 0 ≤ k ≤ k2
0 .

Furthermore we have the commutative diagram

K0(A) //

α0,k

##FFFFFFFF
K0(A,Z/kZ) //

α

��

K1(A)
α1,k

||xxxxxxxx

��

P
(0)
0

// P
(0)
k

// P
(1)
0

��

P
(0)
0

OO

P
(1)
k

oo P
(1)
0

oo

K0(A)

α′0,k
<<xxxxxxxx

OO

K1(A,Z/kZ)

α

OO

oo K1(A)oo

α′1,k
ccFFFFFFFF

for all k ≤ k2
0 . By the last part of 7.2, there is an integer N > 0 such that by

replacing pn,i ◦α, pn,i ◦αi,k, and pn,i ◦α′i,k by zero maps for n ≤ N, we may assume
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that αi,k = α′i,k, 0 ≤ k ≤ k2
0 and i = 0, 1. Similarly, we have the commutative

diagram

K0(A,Z/mkZ) //

α

&&LLLLLLLLLLL
K0(A,Z/kZ) //

α

��

K1(A,Z/mZ)

��

α

xxrrrrrrrrrrr

P
(0)
mk

// P
(0)
k

// P
(1)
m

��

P
(0)
m

OO

P
(1)
k

oo P
(1)
mk

oo

K0(A,Z/mZ)

α

88rrrrrrrrrrr

OO

K1(A,Z/kZ)

α

OO

oo K1(A,Z/mkZ)oo

α

ffLLLLLLLLLLL

for all k ≤ k0. It follows from 2.11 in [DL2] that there is

α = {αn} ∈ HomΛ(Fk0K(A), Fk0K(l∞(Bn))

such that π∗ ◦ α = Γ([h]). Note that each αn ∈ HomΛ(Fk0K(A), Fk0K(Bn)). It
follows from 6.4 and 6.5 that there is a homomorphism hn : A → Bn such that
[hn] = αn. Fix a sequence of finite subsets Fj such that Fj ⊂ Fj+1, n = 1, 2, ..., and⋃∞
n=1 Fn is dense in A, and a decreasing sequence of positive numbers εj such that

limj→∞ εj = 0. For each j, let δj > 0, Pj ⊂ P(A) and Gj be finite subsets associated
with εj , Fj and A as required by 6.3. There is n(j) > 0 such that Ln : A→ Bn is
Gn-δn-multiplicative, and [Ln]|Pj is well defined for all n ≥ n(j). Furthermore, we
may also assume (with perhaps even larger n(j)) that

[Ln]|Pj = (αn)|Pj
for all n ≥ n(j). It follows from 6.3 that there is a unitary u(j, n) ∈ B̃n such that

Ln ⊕ jn ≈εj adu(j, n) ◦ (hn ⊕ jn) on Fj .
In the proof of 6.7, we absorb j by applying 4.1.1 in [P3] (also (iii) in [Ro4]). Here
we apply 7.4. As in the proof of 6.7, we have (zn ∈ U(B̃n))

‖ad zn ◦ (Ln(a)⊕ jn(a)) − Ln(a)‖ → 0, as n→∞,

for all a ∈ A. Similarly, there are unitaries v(j, n) ∈ B̃n such that

‖ad v(j, n) ◦ (hn ⊕ jn)(a)− hn(a)‖ → 0, as n→∞.
Thus (with n > (n(j))′ ≥ n(j)) we have

Ln ≈2εj adw(j, n) ◦ hn on Fj,
where w(j, n) is also a unitary.

Define w1 = 1, ..., wn(1)−1 = 1, wn(j)+i = u(j, n(j)+i), 0 ≤ i ≤ n(j+1)−n(j)−1
and φn = adwn ◦ hn. Then, since

⋃∞
j=1 Fj is dense in A, we conclude that

lim
n→∞

‖Ln(a)− φn(a)‖ = 0 for all a ∈ A.

Finally define H(a) = {φn(a)} for a ∈ A. Then H : A→ l∞({Bn}) is a homomor-
phism. Moreover, π ◦H = h. We write H = {Hn}, where each Hn : A → Bn ⊗ K
is a homomorphism. Put pn = Hn(1A). Since ‖pn − Ln(1A)‖ → 0 (as n→∞) and
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Ln(1A) ∈ Bn, there is a sequence of projections en ∈ Bn such that ‖pn − en‖ → 0
as n→∞. We obtain unitaries vn ∈ B̃n ⊗K such that

‖vn − 1‖ → 0 as n→∞, v∗npnvn = en and vnenv
∗
n = pn, n = 1, 2, ....

Put H ′n(a) = v∗nHn(a)vn for a ∈ A, n = 1, 2, .... Then H ′n : A→ Bn is a homomor-
phism and

‖H ′n −H‖ → 0 as n→∞.
Therefore

lim
n→∞

‖Ln(a)−H ′n(a)‖ = 0 for all a ∈ A.

Put H ′(a) = {Hn(a)}. Then π ◦H ′ = h. �

Corollary 7.6. Let A be as in 7.5. Then A is api-weakly stable.

Proof. This follows from 7.5 and 2.7 immediately. �

The proof of the following is similar to the last part of the proof of 3.4.

Theorem 7.7. Let A be a unital separable simple amenable C∗-algebra with finitely
generated Ki(A) which satisfies the AUCT. Then A is weakly stable respect to B.

Proof. Let {Bn} be a sequence of purely infinite simple amenable C∗-algebra and
let h : A → q∞({Bn}) be a homomorphism. Let q = h(1A). Then there exists a
projection Q ∈ l∞({Bn}) such that π(Q) = p. Write Q = {pn}, where pn ∈ Bn
is a projection. There exists a subsequence {m(k)} such that pn 6= 0 if n = m(k)
for some k otherwise pn = 0. Let P : l∞({Bn}) → l∞({Bm(k)}) be the projection
and P̄ : q∞({Bn})→ q∞({Bm(k)}) be the map induced by P (P maps c0({Bn}) to
C0({Bm(k)})). Consider h′ = P̄ ◦ h : A→ q∞({Bm(k)}). Since A is simple, for any
a ∈ A+ \ {0}, there are x1, ..., xm ∈ A such that

m∑
i=1

h′(xi)∗h′(a)h′(xi) = h′(1A).

For any b ∈ q∞({Bn}) \ {0}, there is a sequence {bn} such that bn ∈ (Bn)+,
‖bn‖ ≤ ‖b‖ and π({bn}) = b. Since Bn is purely infinite and simple, there exists
yn ∈ Bn such that ‖yn‖ ≤ ‖bn‖ ≤ ‖b‖ such that

y∗npnyn = bn for all n.

In fact one can choose yn = 1Bnznb
1/2
n , where zn is a partial isometry in M2(Bn) so

that z∗npnzn ≥ 1Bn . Let π′ : l∞({Bm(k)})→ q∞({Bm(k)}). Set y = π′({yn}). Then
we have

m∑
i=1

y∗h′(xi)∗h′(a)h′(xi)y = b.

This implies that h′ is full. Therefore by 7.5 there exists a homomorphism h̃′ :
A → l∞({Bm(k)}) such that π′ ◦ h̃′ = h′. Write h̃′ = {hm(k)}, where each hm(k) :
A→ Bm(k) is a homomorphism. Define h̃ = {hn}, where hn = hm(k) if n = m(k);
otherwise hn = 0. Then we have π ◦ h̃ = h. �
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Corollary 7.8. For any ε > 0 there is δ > 0 satisfying the following: for any
C∗-algebra A ∈ B, two unitaries u, v ∈ A and an irrational number θ such that

‖uv − eiθπvu‖ < δ,

there exist two unitaries u1 and v1 in A such that

u1v1 = eiθπv1u1, ‖u− u1‖ < ε and ‖v − v1‖ < ε.

Proof. Let Aθ be the irrational rotation C∗-algebra which is generated by two
unitaries u and v with the relation uv = eiθπvu. We also know that Ki(Aθ) = Z⊕Z
as abelian groups. Furthermore Aθ is a simple unital separable amenable C∗-
algebra. Then the corollary follows from the fact that Aθ is weakly stable with
respect to B. �

8. Direct sums of finitely generated abelian groups

Proposition 8.1. Let G be a countable abelian group. Then the following are
equivalent:

(1) G =
⋃∞
n=1 Gn, where Gn ⊂ Gn+1 and each Gn is finitely generated and for

all n, there exists m(n) ≥ n such that there is ψn : G→ Gm(n) satisfying

(ψn)|Gn = idGn .

(2) For any sequence of abelian groups Fn, and any homomorphism h : G →∏∞
n=1 Fn/

⊕∞
n=1 Fn, there exists ψ : G →

∏∞
n=1 Fn such that κ ◦ ψ = h, where

κ :
∏∞
n=1 Fn →

∏∞
n=1 Fn/

⊕∞
n=1 Fn is the quotient map.

Proof. (1) ⇒ (2). Let Fn be a sequence of abelian groups Fn and let h : G →∏∞
n=1 Fn/

⊕∞
n=1 Fn be a homomorphism.

For each j, it follows from 7.1 that there exists a homomorphism Φj : Gj →∏∞
n=1 Fn such that κ ◦ Φj = h|Gj . We write Φj = {φ(j)

n }, where φ(j)
n : Gj → Fn is

a homomorphism. Let ψn : G→ Gm(n) be given by (1).
Define n(1) = m(1). Since κ ◦ Φn(g) = κ ◦ Φ1(g) for all g ∈ G1, there exists

n(2) > max{m(2), n(1)} such that

φ
(m(2))
n′ |G1 = φ

(m(1))
n′ for all n′ ≥ n(2).

If n(k) is defined, find n(k + 1) > max{m(k + 1), n(k)} such that

φ
(m(k+1))
n′ |Gk = φ

(m(k))
n′ for all n′ ≥ n(k + 1).

Define s(1) = m(1), s(2) = m(1), ..., s(n(2)) = m(2), ..., s(k) = m(j), if n(j) ≤ s <

n(j + 1), j = 1, 2, .... Define ψ(g) = {ψ(s(k))
k ◦ φs(k)(g)} for g ∈ G.

To verify κ ◦ ψ = h, we let g ∈ Gj . Then for all k ≥ n(j),

ψ
(s(k))
k ◦ ψs(k)(g) = ψ

(s(k))
k (g) = ψ

(n(j))
k (g)

for all g ∈ Gj . This implies that

κ ◦ ψ(g) = h(g)

if g ∈ Gj for all j.
(2) ⇒ (1). Since G is countable, let {gn} be a set of generators and let Gn be

generated by g1, ..., gn. We write G =
⋃∞
n=1 Gn, where each Gn is finitely generated

and Gn ⊂ Gn+1. Denote by ın the homomorphism from Gn to
∏∞
n=1Gn, and by

ın(g) = (0, ..., 0, g, g, ..., g, ...) (there are n − 1 zero’s) for g ∈ Gn. This gives a
homomorphism h : G→

∏∞
n=1Gn/

⊕∞
n=1Gn.
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Condition (2) gives a homomorphism ψ : G →
∏∞
n=1Gn such that κ ◦ ψ = h.

Write ψ = {ψn}, where ψn : G→ Gn is a homomorphism. For each j, there is m(j)
such that

ψm(g) = g for all m ≥ m(j).

This implies (1). �

Corollary 8.2. Let F1, F2, ..., Fk be k countable abelian groups which satisfy one
of the conditions in 8.1. Then the conclusion of 7.2 holds.

Proposition 8.3. Let G be a countable abelian group. Then G satisfies one of the
conditions in 8.1 if and only if it is a direct sum of finitely generated abelian groups.

Proof. Let G =
⊕∞

n=1Gn, where each Gn is a finitely generated abelian group. It
is easy to see that G satisfies condition (1) in 8.1.

To see the converse, we apply (1) in 8.1. Write G =
⋃∞
n=1Gn as in (1) in 8.1.

Define a homomorphism Ψ : G→
⊕∞

n=1Gm(n) by Ψ(g) =
⊕∞

n=1 ψn(g) for g ∈ G.
It is a homomorphism. For any g ∈ Gn, ψn(g) = g (by (1) in 8.1) which implies that
Ψ is injective. Thus G is isomorphic to a subgroup of the direct sum

⊕∞
n=1Gm(n).

It follows from 18.1 in [F] that G is also a direct sum of cyclic groups. Hence G is
a direct sum of finitely generated abelian groups. �

Theorem 8.4. Let A be a unital separable amenable C∗-algebra such that K0(A)
or K1(A) is not a direct sum of finitely generated groups. Suppose that A =
limn→∞(An, fn), where each An is a unital separable amenable C∗-algebra with
finitely generated Ki(An) (i = 0, 1). Then

(1) A is not weakly semiprojective with respect to B,
(2) A is not weakly stable with respect to B,
(3) A is not apf-weakly semiprojective with respect to B and
(4) A is not api-weakly stable with respect to B.

Proof. It follows from 2.7 and 2.4 that it suffices to show that A is not api-weakly
stable with respect to B.

Denote by fn,m (m > n) and fn,∞ the homomorphisms from An to Am and from
An to A induced by the inductive limit, respectively. Let Gn,i = (fn,∞)∗(Ki(An)).
Then each Gn,i is finitely generated. It follows from [Ro2] that there is a separable
amenable purely infinite simple C∗-algebra Bn such that Ki(Bn) = Gn,i. It follows
from 6.4 and 6.5 that there is a monomorphism hn : An → Bn such that (hn)∗i =
(fn,∞)∗i, i = 0, 1. Let {Fn} be an increasing sequence of finite subsets of A such
that Fn ⊂ An and

⋃
n Fn is dense in A. Since both An and Bn are amenable, there

exists a contractive completely positive linear map φn : A→ Bn such that

‖φn(a)− hn(a)‖ < 1/2n

for all a ∈ Fn. Define L : A →
∏∞
n=1 l

∞({Bn}) by L(a) = {φn(a)} for a ∈ A.
It is easy to see that h = π ◦ L is a homomorphism from A to q∞({Bn}), where
π : l∞({Bn})→ q∞({Bn}) is the quotient map.

For each n, there is k(n) such that [φm ◦ fn,m]|Ki(An) is well defined and [φm ◦
fn,m] = (fn,∞)∗i for m ≥ k(n) and i = 0, 1.

We note that for each j, there is m(j)′ such that

‖hn(a)‖ ≥ (1/2)‖a‖ for all a ∈ Fj
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if n ≥ m(j)′. If A were api-weakly stable, then there would be an integer m(j) ≥
m(j)′ and a homomorphism g

(j)
n : A→ An such that

g(j)
n ≈1/j hn on Fj

for all a ∈ Fj . Define

ψn(a) = g
(j)
m(j) if m(j) ≤ n < m(j + 1),

j = 1, 2, ..., and define Ψ : A→ l∞({An}) by Ψ(a) = {ψn(a)} for all a ∈ A. Then

ψn ≈1/j hn on Fj
for all n ≥ m(j) and j = 1, 2, .... Thus

‖ψn(a)− hn(a)‖ → 0 as n→∞
for all a ∈ A. Hence, for any fix n, there is K(n) ≥ k(n) such that

(ψm ◦ fn,∞)∗i = (fn,∞)∗i

for all m ≥ K(n) and i,= 0, 1, where we also identify K∗(Bn) with Gn,i. This
implies that

(ψm)∗i|Gn,i = idGn,i.

We also have Ki(A) =
⋃∞
n=1Gn,i and Gn,i is finitely generated. Now (ψm)∗i gives

a homomorphism from Ki(A) to Gm,i such that (ψm)∗i|Gn,i = idGn,i. Therefore
Ki(A) is a direct sum of finitely generated abelian groups (see 8.3). We reach a
contradiction. �

Theorem 8.5. Let A be a separable unital simple amenable C∗-algebra satisfying
the AUCT. Suppose that Ki(A) is a direct sum of finitely generated groups with
finite torsion for i = 0, 1. Then A is weakly semiprojective with respect to B.

Proof. Since torsion part of K∗(A) is finite, as in the proof of 7.5, we note that (by
2.11 in [DL1]) there is k0 > 0 such that

HomΛ(K(A),K(C)) ∼= HomΛ(Fk0K(A), Fk0K(C))

for all σ-unital C∗-algebra C. In the proof of 7.5, we also use the fact that Ki(A)
is finitely generated so that we can apply 7.2. Here we apply 8.2. The rest of the
proof is exactly the same as that of 7.5. �

Corollary 8.6. Let A be a separable simple unital AF-algebra. Then A is weakly
semiprojective with respect to B if and only if K0(A) is free.

Proof. Note that K1(A) = 0 and K0(A) is torsion free. So the corollary follows
from 8.5. �

Example 8.7. Let Q be the UHF-algebra with K0(Q) = Q. Then by 8.1 Q is not
weakly semiprojective with respect to B. In fact, one can easily show, from the
proof of this section, that Q is not weakly semiprojective with respect to O∞. In
fact, any non-elementary matroid C∗-algebra A is not weakly semiprojective with
respect to O∞, since its K0(A) is a dense subgroup of Q, which is not free.

On the other hand, if A is a simple AF-algebra with K0(A) = Z + Z
√

2, then
A is weakly semiprojective with respect to B since K0(A) ∼= Z ⊕ Z as an abelian
group.
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